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Abstract
In [13] an extension of the Ashtekar-Lewandowski (AL) state space [2] of Loop Quantum Gravity was set up with thehelp a projective formalism introduced by Kijowski [12, 21, 15]. The motivation for this work was to achieve a morebalanced treatment of the position and momentum variables (aka. holonomies and fluxes). Indeed, states in the ALHilbert spaces describe discrete quantum excitations on top of a vacuum which is an eigenstate of the flux variables (a‘no-geometry’ state): in such states, most holonomies are totally spread, making it difficult to approximate a smooth,classical 4-geometry.However, going beyond the AL sector does not fully resolve this difficulty: one uncovers a deeper issue hinderingthe construction of states semi-classical with respect to a full set of observables. In the present article, we analyzethis issue in the case of real-valued holonomies (we will briefly comment on the heuristic implications for other gaugegroups, eg. SU(2) ). Specifically, we show that, in this case, there does not exist any state on the holonomy-flux algebrain which the variances of the holonomies and fluxes observables would all be finite, let alone small.It is important to note that this obstruction cannot be bypassed by further enlarging the quantum state space, for itarises from the structure of the algebra itself: as there are too many (uncountably many) non-vanishing commutatorsbetween the holonomy and flux operators, the corresponding Heisenberg inequalities force the quantum uncertaintiesto blow up uncontrollably. A way out would be to suitably restrict the algebra of observables. In a companion paper[16] we take the first steps in this direction by developing a general framework to perform such a restriction withoutgiving up the universality and diffeomorphism invariance of the theory.
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1 Introduction
This work is set up in the context of a projective formalism for Quantum Field Theory, first
introduced by Jerzy Kijowski in the late ‘70s [12] and further developed by Andrzej Okołów more
recently [20, 21, 22]. Instead of describing quantum states as density matrices over a single big
Hilbert space, one constructs them as projective families of density matrices over small ‘building
block’ Hilbert spaces [15, subsection 2.1]. The projections are given as partial traces, so that each
small Hilbert space can be physically interpreted as selecting out specific degrees of freedom.
The description, within this projective framework, of a theory of Abelian connections had been
developed by Okołów in [21, section 5] and [22] , an important insight being to use ‘building
blocks’ labeled by combinations of edges and surfaces (instead of edges only as in the case of the
Ashtekar-Lewandowski (AL) Hilbert space). This construction was then generalized in [13] to an
arbitrary gauge group G: in particular, G is neither assumed to be Abelian nor compact, because
the factorization maps, which are the central objects of the formalism, can be expressed explicitly
in terms of the group operations [13, subsection 3.1]. The motivation to set up such a projective
state space for the holonomy-flux algebra was to obtain better semi-classical states. As argued in
the introduction of [13] , the AL Hilbert space, being built out of a vacuum which is a momentum
eigenstate (with vanishing fluxes), cannot accommodate states in which the quantum fluctuations
would be balanced between position and momentum variables. However, now that this limitation
could be overcome, we uncover a deeper issue, which has its root not in the restriction to a
particular representation of the algebra of observables, but in the algebra itself.
As underlined in [13, subsection 3.2] the holonomy and flux variables do not come in independent,
canonically conjugate pairs. In fact, any given flux observable has non trivial commutators with
infinitely, uncountably many holonomies. As we will demonstrate below in the G = R case, the
sheer amount of Heisenberg uncertainty relations arising from these non-vanishing commutators
forces the quantum fluctuations to blow up uncontrollably as more and more degrees of freedom
are taken into account: in the end, it is not even possible to keep the variance of all elementary
variables finite, let alone small. Note that obstructions to the design of states with specific properties
on the holonomy-flux algebra have been pointed out in earlier works [24] : in particular, the AL
vacuum turns out to be the only diffeomorphism-invariant state [18] , which notably forbids the
design of a diffeomorphism-invariant coherent state.
These issues can be traced back to the fact that holonomy-flux algebra along analytical (or semi-
analytical) edges and surfaces is generated by uncountably many elementary observables, which
motivates the construction we will present in a companion article [16] : we will explore a strategy
to drastically reduce the algebra of observables, without denaturing the physical content of the
theory. Such a reduction then allows the systematic construction of projective states, in particular
semi-classical ones. As a proof of principle, this strategy can easily be implemented in the case of a
(slightly simplified) one-dimensional version of the holonomy-flux algebra, while the generalization
to higher dimensions, especially the physically relevant � = 3 case, is currently a work in progress.
2
2 Obstructions to the construction of narrow states
We will, in subsection 2.1, work in the context of a general linear projective system (L, M, π) :
namely, a projective system such that all small phase spaces Mη are linear and across which
the distinction between configuration and momentum variables can be defined consistently (ie. all
projections preserve this distinction). Note that this is precisely the setup of [21] and we recalled
in [15, subsection 3.1] how to quantize such a classical projective limit into a projective system of
quantum state space in the position representation.
In projective quantum state spaces of this kind, we can systematically study the construction
of narrow states, namely states in which the measurement probabilities of all configuration and
momentum variables have finite variance. In particular, we will spell out the conditions, arising
from the Heisenberg uncertainty relations, for a certain assignment of variances to be realizable in
a quantum state. Of special interest for the construction of semi-classical states are the Gaussian
states, and, in fact, we will see that there exists, for any narrow state, a Gaussian state with the
same variances.
In subsection 2.2, we will apply this study to the projective quantum state space set up in [13] , in
the special case G = R (where it constitutes a linear projective system in the sense above, as will
be shown in prop. 2.13). We will then be able to prove (prop. 2.14) that there are not any narrow
states in this state space: in other words, all states therein have infinite variance for at least some
of the variables, and thus are not good candidates as semi-classical states. We will also formulate
some weaker notions of semi-classicality that are excluded as well (props. 2.15 and 2.16).
2.1 Projective families of characteristic functions
The central tool of the present subsection will be Wigner characteristic functions (see [29, 11]
and the review in appendix A): any quantum state can be represented by a function defined on
the dual of the classical phase space, and this alternative representation is strictly equivalent to its
representation as a density matrix ρ. This is the quantum version of characteristic distributions
in classical statistical physics, in the sense that the moments of the probability distributions gov-
erning quantum measurements can be recovered from the derivatives of the characteristic function
(prop. A.8). However, the positivity requirement for quantum characteristic functions (eq. (A.6.1),
ensuring the positivity of ρ) differs from its classical counterpart (that would ensure positivity of the
corresponding probability distribution), as it encodes the non-commutation of quantum observables
(see the discussion preceding prop. A.6).
Unsurprisingly, the characteristic functions of the partial density matrices composing a projec-
tive state combine again into a projective family (the dual spaces M∗η form naturally an inductive
structure, with injections given by the pullback under the projections πη�→η , so functions on them ar-
range themselves in a projective structure, see also the discussion at the beginning of appendix A.2).
This is the advantage of working with Wigner characteristic functions rather than Wigner quasi-
probabilities, which would be in analogy to classical probability distributions (the computation of
partial traces, or, at the classical level, of marginal probability distribution, is translated into a
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simple restriction when working with characteristic functions).
Proposition 2.1 Let (L, M, π)↓ be a projective system of phase spaces such that:1. ∀η ∈ L, there exists two finite-dimensional real vector spaces Cη , Pη, an invertible linear mapΞη : Pη → C∗η (where C∗η denotes the dual of Cη) and a symplectomorphism Lη :Mη → Cη ×Pη ,with respect to the symplectic structure Ωη defined on Cη × Pη by:
∀(�, �), (��, ��) ∈ Cη × Pη , Ωη(�, � ; ��, ��) := Ξη(��)(�)− Ξη(�)(��) ;
2. ∀η � η� ∈ L, πη�→η = L−1η ◦ (Qη�→η×Pη�→η)◦Lη� with Qη�→η , resp. Pη�→η , a linear map Cη� → Cη ,resp. Pη� → Pη .We choose, for any η ∈ L, a Lebesgue measure µη on Cη . For any η � η� ∈ L, we define:3. Cη�→η := KerQη�→η ;
4. φη�→η : Cη� → Cη�→η × Cη�� �→ Rη�→η(��), Qη�→η(��) , with Rη�→η : Cη� → Cη�→η the projection on Cη�→η parallelto �Ξη ◦ Pη�→η ◦ Ξ−1η� �∗ �Cη� (where ( · )∗ denotes the dual map).Then, we can complete these elements into a factorizing system of measured manifolds [15, def. 3.1](L, (C, µ), φ)×, from which a projective system of quantum state spaces (L, H, Φ)⊗ can be con-structed as described in [15, prop. 3.3].
Proof Since a finite-dimensional vector space is in particular an additive simply-connected Liegroup, this is a special case of [15, theorem 3.2]. The explicit expressions for Cη�→η and φη�→η areobtained by adapting the ones from the proof of [15, theorem 3.2] to the slightly different notationswe are using here. �
Definition 2.2 We consider the same objects as in prop. 2.1. A projective family of characteristicfunctions is a family �Wη�η∈L such that:1. for any η ∈ L, Wη is a continuous function C∗η × P∗η → C;
2. for any η ∈ L, any N ∈ N, any (�1, �1), � � � , (�N, �N) ∈ C∗η × P∗η and any z1, � � � , zN ∈ C:
N�
�,�=1 z� z� �� ξ�� Wη(�� − ��, �� − �� ) � 0 , (2.2.1)where ξ�� := 12 ����Ξ−1η (�� )�− ���Ξ−1η (��)�� ;3. for any η � η� ∈ L, Wη = Wη� ◦ �Q∗η�→η × P∗η�→η� .We denote by W↓(L,(C,P),(Q,P)) the space of all projective families of characteristic functions.Proposition 2.3 We consider the same objects as in prop. 2.1. Let η ∈ L. On Hη = L2(Cη , �µη)we define, for any (�, �) ∈ C∗η × P∗η, a unitary operator Tη(�, �) on Hη by:∀ψ ∈ Hη , ∀� ∈ Cη , [Tη(�, �)ψ] (�) = exp �� �(�) + �2 � �Ξ−1η (�)�� ψ �� + Ξ∗,−1η (�)� ,
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as well as a densely defined, essentially self-adjoint operator Xη(�, �) with dense domain Dη :=C∞� (Cη, C) (the space of smooth, compactly supported, complex-valued functions on Cη) by:∀ψ ∈ Dη , ∀� ∈ Cη , [Xη(�, �)ψ] (�) = �(�)ψ(�)− � �T�ψ� �Ξ∗,−1η (�)�
(where T�ψ denotes the differential of ψ at � and Ξ∗,−1η = �Ξ∗η�−1 = �Ξ−1η �∗).For any η � η� ∈ L and any (�, �) ∈ C∗η × P∗η, we have:
Tη�(��, ��) = Φ−1η�→η ◦ �idHη�→η ⊗ Tη(�, �)� ◦ Φη�→η ,
& Xη�(��, ��) = Φ−1η�→η ◦ �idHη�→η ⊗ Xη(�, �)� ◦ Φη�→η , (2.3.1)
where (��, ��) := �Q∗η�→η(�), P∗η�→η(�)�.Proof Let η ∈ L. For any (�, �) ∈ C∗η×P∗η, it has been proven in prop. A.5, that Tη(�, �), resp. Xη(�, �),is well-defined and is unitary, resp. essentially self-adjoint.Let η � η� ∈ L and (�, �) ∈ C∗η × P∗η. Let (��, ��) := �Q∗η�→η(�), P∗η�→η(�)�. For any ψη ∈ Hη andany ψη�→η ∈ Hη�→η = L2(Cη�→η , �µη�→η), we have, using the expression for Φη�→η from [15, prop. 3.3]:
∀(�, �) ∈ Cη�→η × Cη, �Φη�→η Tη�(��, ��) Φ−1η�→η (ψη�→η ⊗ ψη)�(�, �) =
= �Tη�(��, ��) Φ−1η�→η (ψη�→η ⊗ ψη)� ◦ φ−1η�→η(�, �)
= exp �� �� ◦φ−1η�→η(�, �)+ �2 �� �Ξ−1η� (��)� � Φ−1η�→η(ψη�→η⊗ψη)�φ−1η�→η(�, �)+Ξ∗,−1η� (��)�
= exp �� �(�) + �2 � �Ξ−1η (�)� �ψη�→η(�)ψη �� + Ξ∗,−1η (�)�= ψη�→η(�) �Tη(�, �)ψη�(�) ,where we have used:∀(�, �) ∈ Cη�→η × Cη,Qη�→η ◦ φ−1η�→η(�, �) = � ,
& φη�→η �φ−1η�→η(�, �) + Ξ∗,−1η� ◦ P∗η�→η(�)� = ��, � + Qη�→η ◦ Ξ∗,−1η� ◦ P∗η�→η(�)�(from the definition of φη�→η in prop. 2.1) as well as:Qη�→η ◦ Ξ∗,−1η� ◦ P∗η�→η = Ξ∗,−1η ,as follows from the compatibility of L−1η ◦ �Qη�→η × Pη�→η� ◦ Lη� with the symplectic structures Ωη�and Ωη (see [14, def. 2.1] and [15, eq. (3.2.1)] ). Thus, we get:∀ψη ∈ Hη , ∀ψη�→η ∈ Hη�→η , Φη�→η Tη�(��, ��) Φ−1η�→η (ψη�→η ⊗ ψη) = ψη�→η ⊗ �Tη(�, �)ψη� ,and therefore:Tη�(��, ��) = Φ−1η�→η ◦ �idHη�→η ⊗ Tη(�, �)� ◦ Φη�→η .
Similarly, we have, for any ψη ∈ Dη and any ψη�→η ∈ Dη�→η := C∞� (Cη�→η, C) , Φ−1η�→η (ψη�→η ⊗
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ψη) ∈ Dη� and:Φη�→η Xη�(��, ��) Φ−1η�→η (ψη�→η ⊗ ψη) = ψη�→η ⊗ �Xη(�, �)ψη� ,using:∀(�, �) ∈ Cη�→η × Cη ,�Tφ−1η�→η(�,�) Φ−1η�→η �ψη�→η ⊗ ψη�� = ψη(�) �T�ψη�→η� ◦ Rη�→η + ψη�→η(�) [T� ψη] ◦ Qη�→η .Moreover, Dη�→η ⊗Dη (understood as a tensor product of vector spaces, ie. without any completion)is a dense subspace of Φη�→η �Dη�� and �Φη�→η Xη�(��, ��) Φ−1η�→η� ���
Dη�→η⊗Dη = idHη�→η���Dη�→η ⊗Xη(�, �) isessentially self-adjoint (as a tensor product of essentially self-adjoint operators, see [23, theoremVIII.33] ), hence the unique self-adjoint extensions of Φη�→η Xη�(��, ��) Φ−1η�→η and idHη�→η ⊗ Xη(�, �)coincide. �Proposition 2.4 We consider the same objects as in def. 2.2 and prop. 2.3. For any η ∈ L and anyρη ∈ Sη (with Sη the space of non-negative, traceclass operators on Hη), we define Wρη by:
Wρη : C∗η × P∗η → C(�, �) �→ TrHη ρη Tη(�, �) .
The map W : �ρη�η∈L �→ �Wρη�η∈L is a bijection S⊗(L,H,Φ) →W↓(L, (C,P), (Q,P)) (where S⊗(L,H,Φ) has beendefined in [15, def. 2.2] ).
Proof For any η ∈ L, we denote by Wη the space of all continuous functions of positive type on
C∗η × P∗η (prop. A.6). From props. A.7 and A.10, the map Wη : ρη �→ Wρη is a bijection Sη → Wη .Moreover, we have:
S
⊗(L,H,Φ) = ��ρη�η∈L ��� ∀η, ρη ∈ Sη & ∀η � η�, ρη = TrHη�→η �Φη�→η ρη� Φ−1η�→η�� ,and:
W
↓(L, (C,P), (Q,P)) = ��Wη�η∈L ��� ∀η, Wη ∈Wη & ∀η � η�, Wη = Wη� ◦ �Q∗η�→η × P∗η�→η�� .
Now, from eq. (2.3.1), we have, for any η � η� and any ρη� ∈ Sη� :
Wη �TrHη�→η �Φη�→η ρη� Φ−1η�→η�� = Wη�(ρη�) ◦ �Q∗η�→η × P∗η�→η� .
Thus, W is well-defined as a map S⊗(L,H,Φ) →W↓(L, (C,P), (Q,P)) and is bijective. �
Asking for a state to have finite variances in all position and configuration variables is expressed
at the level of its Wigner characteristic function by asking the latter to be twice differentiable at0, and the corresponding covariance matrix can be obtained from the Hessian of the character-
istic function (prop. A.8). In particular, the positivity requirement for the characteristic function
(eq. (A.6.1) ) gives rise to inequalities that have to be satisfied by the covariance matrix (def. 2.6.2):
these are nothing but the Heisenberg uncertainty relations (as is manifest from the rewriting in
prop. 2.7.2 or 2.7.3, since Vη(�, �) = ΔX2η(�, 0) and Uη(�, �) = ΔX2η(0, �) ). These inequalities will play a
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crucial role for the result of the next subsection.
Moreover, the projective structure binding the partial characteristic functions of a projective state
together goes down to its covariance matrices on the various labels η, which arrange naturally into
their own projective structure.
Definition 2.5 Let ρ = �ρη�η∈L ∈ S⊗(L,H,Φ) and let �Wη�η∈L := W (ρ). We say that ρ is a narrowstate if there exist, for any η ∈ L, a linear form W (1)η and a symmetric bilinear form W (2)η on C∗η ×P∗ηsuch that:
∀(�, �) ∈ C∗η × P∗η , Wη(τ�, τ�) = 1 + � τ W (1)η (�, �)− τ22 W (2)η (�, �; �, �) + �(τ2) . (2.5.1)From props. A.5 and A.8, we then have, for any η ∈ L :1. TrHη ρη = 1 (so that ρη is a density matrix on Hη);
2. ∀(�, �) ∈ C∗η × P∗η, TrHη ρη Xη(�, �) = W (1)η (�, �) ;
3. ∀(�, �), (��, ��) ∈ C∗η × P∗η, TrHη Xη(�, �) ρη Xη(��, ��) + Xη(��, ��) ρη Xη(�, �)2 = W (2)η (�, �; ��, ��) .We denote the space of all narrow states by Sˆ⊗(L,H,Φ) .Definition 2.6 We consider the same objects as in prop. 2.1. A projective family of variances is afamily �Vη , Uη�η∈L such that:1. for any η ∈ L, Vη , resp. Uη , is a strictly positive symmetric bilinear form on C∗η , resp. P∗η ;
2. for any η ∈ L and any (�, �) ∈ C∗η × P∗η , Vη(�, �) + Uη(�, �)− ��Ξ−1η (�)� � 0;
3. for any η � η� ∈ L, Vη = Vη� ◦ (Q∗η�→η × Q∗η�→η) & Uη = Uη� ◦ (P∗η�→η × P∗η�→η) .We denote by V↓(L, (C,P), (Q,P)) the space of all projective families of variances.Proposition 2.7 Let η ∈ L and let Vη , resp. Uη , be a strictly positive symmetric bilinear form on
C∗η , resp. P∗η . Let V−1η , resp. U−1η , be the strictly positive symmetric bilinear form on Cη , resp. Pη ,characterized by:∀�, �� ∈ C∗η , V −1η �Vη(�, · ), Vη(��, · )� = Vη(�, ��) ,resp. ∀�, �� ∈ P∗η , U−1η �Uη(�, · ), Uη(��, · )� = Uη(�, ��) ,with the canonical identification C∗∗η ≈ Cη , resp. P∗∗η ≈ Pη .Then, the three following conditions are equivalent:
1. ∀(�, �) ∈ C∗η × P∗η , Vη(�, �) + Uη(�, �)− ��Ξ−1η (�)� � 0;
2. ∀� ∈ C∗η , 2Vη(�, �)− 12 U−1η �Ξ−1η (�), Ξ−1η (�)� � 0;
3. ∀� ∈ P∗η , 2Uη(�, �)− 12 V−1η �Ξ∗,−1η (�), Ξ∗,−1η (�)� � 0.
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Proof Let �Vη be the linear map C∗η → Cη defined by:∀� ∈ C∗η, �Vη(�) = Vη(�, · ) ∈ C∗∗η ≈ Cη .For any � �= 0, we have ���Vη(�)� = Vη(�, �) > 0 (for Vη is strictly positive), hence �Vη(�) �= 0. Thus,�Vη is injective, and therefore bijective, since C∗η and Cη are finite-dimensional vector spaces of thesame dimension. V−1η is then defined by:∀�, �� ∈ Cη , V −1η (�, ��) := Vη��V−1η (�), �V−1η (��)� ,and is therefore a strictly positive symmetric bilinear form on Cη. We have similarly �Uη : P∗η → Pηand U−1η : Pη × Pη → R.
2.7.1 ⇒ 2.7.2 & 2.7.1 ⇒ 2.7.3 . We assume that 2.7.1 holds. Applying with (�, �) = ��, 12 �U−1η ◦Ξ−1η (�)� for some � ∈ C∗η yields:
Vη(�, �) + 14U−1η �Ξ−1η (�), Ξ−1η (�)�− 12U−1η �Ξ−1η (�), Ξ−1η (�)� � 0 ,where we have used:∀�, �� ∈ Pη , ��U−1η (�)�(��) = Uη��U−1η (�), �U−1η (��)� = U−1η (�, ��) .Thus, we obtain the condition 2.7.2 . Similarly, we can prove that 2.7.1 implies 2.7.3 .
2.7.2 ⇒ 2.7.1 & 2.7.3 ⇒ 2.7.1 . We assume that 2.7.2 holds. Vη provides a scalar product on
C∗η, so the strictly positive symmetric bilinear form U−1η �Ξ−1η ( · ), Ξ−1η ( · )� can be diagonalized in aVη -orthonormal basis (��)�∈{1,���,�} (with � := dimCη), ie. we have:∀�, � ∈ {1, � � � , �} , Vη(�� , �� ) = δ�� & U−1η �Ξ−1η (��), Ξ−1η (�� )� = λ(�) δ�� ,with ∀� ∈ {1, � � � , �} , λ(�) > 0. Next, the condition 2.7.2 can be rewritten:∀� ∈ {1, � � � , �} , λ(�) � 4 .Moreover, defining, for any � ∈ {1, � � � , �}, �� = Ξ∗η(��) with (��)�∈{1,���,�} the basis in Cη dual to(��)�∈{1,���,�} , we have:∀�, � ∈ {1, � � � , �} , λ(�) δ�� = U−1η �Ξ−1η (��), Ξ−1η (�� )� = Uη�λ(�) ��, λ(�) ���where we have used that, for any � ∈ {1, � � � , �}, �U−1η ◦ Ξ−1η (��) = λ(�) �� . Hence, we get:
∀�, � ∈ {1, � � � , �} , Uη���, ��� = δ��λ(�) .Let � = �� �� ∈ C∗η and � = �� �� ∈ P∗η (with implicit summation). We have:
Vη(�, �) + Uη(�, �)− ��Ξ−1η (�)� = ���� + �� ��λ(�) − �� �� .Now, for any σ, τ ∈ R, and any λ ∈ ]0, 4], we have:
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σ 2 + τ2λ − στ � 0 ,so 2.7.1 is fulfilled. Similarly, we can prove that 2.7.3 implies 2.7.1 . �
Proposition 2.8 Let ρ = �ρη�η∈L ∈ Sˆ⊗(L,H,Φ) and let �Wη�η∈L := W (ρ). For any η ∈ L, we define:∀(�, ��) ∈ C∗η , Vη(�, ��) := W (2)η (�, 0; ��, 0)−W (1)η (�, 0)W (1)η (��, 0) ,
& ∀(�, ��) ∈ P∗η , Uη(�, ��) := W (2)η (0, �; 0, ��)−W (1)η (0, �)W (1)η (0, ��) ,with W (1)η and W (2)η as in def. 2.5.Then, �Vη , Uη�η∈L ∈ V↓(L, (C,P), (Q,P)) . Accordingly, we define the map V as:
V : Sˆ⊗(L,H,Φ) → V↓(L, (C,P), (Q,P))ρ �→ �Vη , Uη�η∈L .
Proof Let η ∈ L , (�, �) ∈ C∗η×P∗η , and τ ∈ R. Applying eq. (2.2.1) for the points (0, 0), (τ�, 0), (0, τ�)with respective coefficients −(1 + �), �−�τ W (1)η (�,0), � �−�τ W (1)η (0,�) yields:
4 + 2Re�(� − 1) �−�τ W (1)η (�,0)Wη(τ�, 0)− (1 + �) �−�τ W (1)η (0,�)Wη(0, τ�) +
+ � �−�τ W (1)η (−�,�) �� τ22 �◦Ξ−1η (�)Wη(−τ�, τ�)� � 0 ,
where we have used that Wη(0, 0) = 1 and that, for any (��, ��) ∈ C∗η × P∗η , Wη(−��,−��) = W (��, ��)(prop. A.6; note that this in particular accounts for the reality of W (1)η and W (2)η ). Now, for any(��, ��) ∈ C∗η × P∗η , we have the expansion:
�−�τ W (1)η (��,��)Wη(τ��, τ��) = 1− τ22 W (2)η (��, ��; ��, ��) + τ22 �W (1)η (��, ��)�2 + �(τ2) .Inserting in the previous inequality, we get:
4 + 2 �−2 + τ22 Vη(�, �) + τ22 Uη(�, �)− τ22 � ◦ Ξ−1η (�) + �(τ2)
�
� 0 .
Hence, we have, for any (�, �) ∈ C∗η × P∗η :Vη(�, �) + Uη(�, �)− � ◦ Ξ−1η (�) � 0 . (2.8.1)
Let � ∈ C∗η with � �= 0. We have Ξ−1η (�) �= 0, so there exists �� ∈ P∗η such that �� ◦ Ξ−1η (�) = 1.Applying eq. (2.8.1) with (0, ��) yields � := Uη(��, ��) � 0, allowing us to define � := 11+� �� . Applyingagain eq. (2.8.1), now with (�, �), we get:
Vη(�, �)− 1(1 + �)2 � 0 ,so Vη(�, �) > 0. Similarly, we have, for any � ∈ P∗η , � �= 0⇒ Uη(�, �) > 0. Thus, def. 2.6.1 and 2.6.2are fulfilled (actually, we have shown that 2.6.1 is implied by 2.6.2).Let η � η� ∈ L. From Wη = Wη� ◦ (Q∗η�→η × P∗η�→η) together with eq. (2.5.1) implies, for any
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(�, �) ∈ C∗η × P∗η :W (1)η (�, �) = W (1)η� (��, ��) & W (2)η (�, �; �, �) = W (2)η� (��, ��; ��, ��) ,with (��, ��) := �Q∗η�→η(�), P∗η�→η(�)�. Hence, def. 2.6.3 holds. �
The Heisenberg uncertainty relations that a projective family of covariance matrices need to
satisfy if there exists a narrow quantum state with these covariances turn out to also be a sufficient
condition for the existence of such a state. Indeed, we can construct a Gaussian operator combining
the covariance matrix for the configuration variables with the one for the momentum variables,
and the uncertainty relations are precisely what is required for this operator to be a positive semi-
definite operator of unit trace, ie. a density matrix. Moreover, the projective conditions between
the covariance matrices ensure that these Gaussian operators assemble into a projective quantum
state. Although this is remarkably easy to check at the level of the characteristic functions (where
the projections are simply restrictions so that the compatibility of the Gaussian states on various
labels can be directly read out from the expression of their characteristic functions), it is instructive
to understand how taking the partial trace of Gaussian states works, in particular how the form
of factorization Cη� ≈ Cη�→η × Cη conspires with the expression for the Gaussian states so that
the correct projections get respectively applied on the covariance matrices for the positions and
momenta (in accordance with the projection Mη� →Mη ).
Note that this is the point where it is critical to be working on linear configuration spaces. While
the Wigner transform machinery could be adapted, for example, to the case of a compact groupG [1] , the nice projection property of Gaussian distributions is what makes the construction of
projective coherent states in the linear case much easier than in the L2 �GN� case: even in the
easiest – G = U(1) – case, the equivalent of Gaussian states, namely Hall states [8] , do not have
such a nice behavior under partial trace.
Proposition 2.9 Let �Vη , Uη�η∈L ∈ V↓(L, (C,P), (Q,P)) . Then, there exists ρ ∈ Sˆ⊗(L,H,Φ) such thatV (ρ) = �Vη , Uη�η∈L , with V the map introduced in prop. 2.8. In other words, the map V issurjective.
Proof Let η ∈ L. Let (��)�∈{1,���,�} , (��)�∈{1,���,�} and �λ(�)��∈{1,���,�} be as in the proof of prop. 2.7. Forany k1, � � � , k� ∈ N, we define ψk1,���,k� as:
∀� = �� �� ∈ Cη , ψk1,���,k�(�) := 1√αη
��
�=1
1π1/4 λ1/8(�) �k�! 2k� �−
(��)22√λ(�) Hk� � ��λ1/4(�)
� ,
where for any k ∈ N, Hk is the k-th Hermite polynomial:
∀� ∈ R, Hk (�) := (−1)k ��2 �k��k �−�2 ,and αη is such that �µη(�� ��) = αη ��1 � � � ��� . Then, for any k1, � � � , k� ∈ N, ψk1,���,k� ∈ Hη =L2(Cη , �µη) with �ψk1,���,k��Hη = 1. Next, we define:
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ρη := ∞�k1,���,k�=0
 ��
�=1
2�λ(�)2 +�λ(�)
�2−�λ(�)2 +�λ(�)
�k� |ψk1,���,k� � � ψk1,���,k� | .
Using that ∀� ∈ {1, � � � , �} , λ(�) ∈ ]0, 4] (from the proof of prop. 2.7), ρη is a non-negative operatoron Hη and we have:
�ρη�1 � ∞�k1,���,k�=0
������
�
�=1
2�λ(�)2 +�λ(�)
�2−�λ(�)2 +�λ(�)
�k������� �ψk1,���,k��2Hη = 1 ,
where � · �1 denotes the trace norm [23, theorem VI.20]. Hence, ρ is a (self-adjoint), positive semi-definite, traceclass operator on Hη . Using Mehler formula [19], its kernel is given by:∀� = �� �� , � = �� �� ∈ Cη ,
ρη(�;�) := ∞�k1,���,k�=0
 ��
�=1
2�λ(�)2 +�λ(�)
�2−�λ(�)2 +�λ(�)
�k� ψk1,���,k�(�)ψk1,���,k�(�)
= 1αη (2π)�/2 exp
�− ���=1 12
��� + ��2
�2 + 12 λ(�) (�� − ��)2
�
= 1αη (2π)�/2 exp
�−12 V−1η �� + �2 , � + �2 �− 12 Uη �Ξ∗η(� − �) , Ξ∗η(� − �)�
� .
Thus, for any (�, �) ∈ C∗η × P∗η, we get, using the expression for Tη(�, �) from prop. 2.3:Wρη(�, �) := TrHη ρη Tη(�, �)
= 1αη (2π)�/2
� �µη(�) exp �� �(�) + �2 � �Ξ−1η (�)�+
−12 V−1η
�� + Ξ∗,−1η (�)2 , � + Ξ∗,−1η (�)2
�− 12 Uη (�, �)
�
= exp �−12 Vη(�, �)− 12 Uη(�, �)
� .
From 2.6.3, we have, for any η � η� ∈ L, Wρη = Wρη� ◦ �Q∗η�→η × P∗η�→η�, hence, from theproof of prop. 2.4, ρη = TrHη�→η �Φη�→η ρη� Φ−1η�→η�. So ρ := �ρη�η∈L ∈ S⊗(L,H,Φ) , and we have�Wρη�η∈L = W (ρ). Moreover, for any η ∈ L, we get the expansion:
∀(�, �) ∈ C∗η × P∗η, Wρη(τ�, τ�) = 1− τ22 Vη(�, �)− τ22 Uη(�, �) + �(τ2) .Therefore, ρ ∈ Sˆ⊗(L,H,Φ) with:∀η ∈ L, W (1)η (�, �) = 0 & W (2)η (�, �; �, �) = Vη(�, �) + Uη(�, �) .In particular, this implies V (ρ) = �Vη , Uη�η∈L .
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Note. One can also check directly that, for any η � η� ∈ L, ρη = TrHη�→η �Φη�→η ρη� Φ−1η�→η�. Indeed,denoting by ρ(η�)η the integral kernel of TrHη�→η �Φη�→η ρη� Φ−1η�→η�, we have:
∀�, � ∈ Cη , ρ(η�)η (�; �) = � �µη�→η(z) ρη��φ−1η�→η(z, �); φ−1η�→η(z, �)� .
Now, for any �, � ∈ Cη and any z ∈ Cη�→η , the definition of φη�→η together with Qη�→η ◦ Ξ∗,−1η� ◦P∗η�→η = Ξ∗,−1η (from the proof of prop. 2.3) yields:φ−1η�→η(z, �) = Kη�→η(z) + Jη�→η(�) ,with Jη�→η := Ξ∗,−1η� ◦ P∗η�→η ◦ Ξ∗η and Kη�→η the canonical injection of Cη�→η = KerQη�→η in Cη� . Sowe get:Uη� �Ξ∗η� �φ−1η�→η(z, �)− φ−1η�→η(z, �)� , Ξ∗η� �φ−1η�→η(z, �)− φ−1η�→η(z, �)�� == Uη� �P∗η�→η ◦ Ξ∗η(� − �) , P∗η�→η ◦ Ξ∗η(� − �)�= Uη �Ξ∗η(� − �) , Ξ∗η(� − �)� ,as well as:
V−1η� �φ−1η�→η(z, �) + φ−1η�→η(z, �)2 , φ−1η�→η(z, �) + φ−1η�→η(z, �)2
� =
= ��Z (η�)η (z)� (z) + 2 ��X (η�)η �� + �2 �� (z) + ��Y (η�)η �� + �2 �� �� + �2 � ,with:�X (η�)η := K∗η�→η ◦ �V−1η� ◦ Jη�→η , �Y (η�)η := J∗η�→η ◦ �V−1η� ◦ Jη�→η & �Z (η�)η := K∗η�→η ◦ �V−1η� ◦ Kη�→η ,where �Vη� is defined as in the proof of prop. 2.7. For any z ∈ Cη�→η \ {0} , def. 2.6.1 implies:��Z (η�)η (z)� (z) = Vη� ��V−1η� ◦ Kη�→η(z), �V−1η� ◦ Kη�→η(z)� > 0,
hence �Z (η�)η : Cη�→η → C∗η�→η is invertible, and the above equation becomes:
V−1η� �φ−1η�→η(z, �) + φ−1η�→η(z, �)2 , φ−1η�→η(z, �) + φ−1η�→η(z, �)2
� =
= ��Z (η�)η �z + (�Z (η�)η )−1 ◦ �X (η�)η �� + �2 ��� �z + (�Z (η�)η )−1 ◦ �X (η�)η �� + �2 ��++���Y (η�)η − (�X (η�)η )∗ ◦ (�Z (η�)η )−1 ◦ �X (η�)η ��� + �2 �� �� + �2 � .On the other hand, using:Kη�→η ◦ Rη�→η + Jη�→η ◦ Qη�→η = idCη� , Qη�→η ◦ Kη�→η = 0 & Qη�→η ◦ Jη�→η = idCη(as follows from the expressions for φη�→η and φ−1η�→η), together with �Vη = Qη�→η ◦ �Vη� ◦ Q∗η�→η, wecan check that:
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�Vη ��Y (η�)η − (�X (η�)η )∗ ◦ (�Z (η�)η )−1 ◦ �X (η�)η � = idCη (2.9.1)
(noting that �Vη is the lower right block of �Rη�→η , Qη�→η� ◦ �Vη� ◦ �R∗η�→η , Q∗η�→η� , which is the inverseof �K∗η�→η , J∗η�→η� ◦ �V−1η� ◦ �Kη�→η , Jη�→η� , eq. (2.9.1) can be visualized by performing a blockwisematrix inversion of the latter). Putting everything together and carrying out the Gaussian integrationover z, we get:
∀�, � ∈ Cη , ρ(η�)η (�; �) ∝ exp �−12 V−1η �� + �2 , � + �2 �− 12 Uη �Ξ∗η(� − �), Ξ∗η(� − �)�
� ,
so TrHη�→η �Φη�→η ρη� Φ−1η�→η� ∝ ρη , the proportionality factor being determined to be 1 from:TrHη TrHη�→η �Φη�→η ρη� Φ−1η�→η� = TrHη� ρη� = 1 = TrHη ρη .
�
2.2 A no-go result in the G = R case
To prove the advertised no-go result in the case of the holonomy-flux algebra with G = R (using
the projective system set up in [13] ), it will be enough to concentrate on a certain (uncountable)
subset of observables out of this algebra. So, we will choose an edge, that we will identify with the
line segment [0, 1] , and a continuous stack of surfaces intersecting this edge, one for each point
in ] 0, 1] (see fig. 2.1). We will keep, for each surface, only its face looking at 0. Moreover, for
all holonomies included in the selected edge to have finite variance, it would be sufficient that all
holonomies ending at 0 would have finite variance, since the holonomy between � and �� can be
expressed as a composition of the one between � and 0 and the one between �� and 0 (hence would
have finite variance if those two had).
Thus, we will attach, to each point � in ] 0, 1], the holonomy starting at � (and ending at 0), as
well as the flux that acts at the onset of this holonomy. It is manifest from the symplectic structure
in prop. 2.10 that these pairs of variables attached to the various points in ] 0, 1] are not independent
canonically conjugate pairs: instead, the flux at some point � acts on all holonomies that start at
or above �. As announced in section 1, these uncountably many non-zero commutators will play a
decisive role in the proof.
Now, suppose that it would be possible to construct a quantum state in which all those holonomies
and fluxes would have finite variances. Then, the points in ] 0, 1] could be organized into countably
many (overlapping) classes: a point would belong to the class indexed by some A ∈ N if the variance
of both the holonomy and flux attached to this point would be less than A. The assumption of all
those variances being finite would ensure that each point belongs at least to one of those classes,
so, as there are uncountably many points in ] 0, 1] , there should exist some A whose class K would
be uncountable, hence infinite.
Finally given � points in this infinite set K, we will, in the proof of lemma 2.12, combine
the variances of the holonomies and fluxes attached to these points into a quadratic expression,
that should, if all these variances were bounded by a constant A, be bounded independently of�. However, we will show that, by virtue of the Heisenberg uncertainty relations, this quadratic
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expression can be bounded below by a diverging expression of �.
In the present subsection, Σ will denote a finite-dimensional, analytic manifold (without boundary)[17] and � its dimension (� � 2).
Proposition 2.10 We define the label set L(aux) as the set of all finite subsets of points in ] 0, 1 ] :
L(aux) := {κ ⊂ ] 0, 1 ] | #κ < ∞} .We equip L(aux) with the partial order ⊂ (set inclusion). For any κ = (�1, � � � , ��) ∈ L(aux), with�1 < � � � < �� , we define:
C(aux)κ := {� : κ → R} & P(aux)κ := {P : κ → R} ,as well as the linear map Ξ(aux)κ : P(aux)κ → C(aux),∗κ given by:
∀P ∈ P(aux)κ , ∀� ∈ C(aux)κ , Ξ(aux)κ (P)(�) := ��k=1 P(�k )�(�k )−
�−1
k=1 P(�k+1)�(�k ) .Ξ(aux)κ is invertible, with Ξ(aux),−1κ such that:
∀� ∈ C(aux),∗κ , ∀� ∈ κ, �Ξ(aux),−1κ (�)� (�) = ���� �→ �1 if � � ��0 else � .
We equip M(aux)κ := C(aux)κ × P(aux)κ with the symplectic structure Ω(aux)κ defined from Ξ(aux)κ as inprop. 2.1.For any κ ⊂ κ� ∈ L(aux), we define:
Q(aux)κ�→κ : C(aux)κ� → C(aux)κ� �→ �|κ & P
(aux)κ�→κ : P(aux)κ� → P(aux)κP �→ P|κ ,
and π(aux)κ�→κ = Q(aux)κ�→κ × P (aux)κ�→κ . Then, �L(aux), M(aux), π(aux)�↓ is a projective system of phase spacesand fulfills prop. 2.1.1 and 2.1.2. We denote by �L(aux), H(aux), Φ(aux)�⊗ the corresponding projectivesystem of quantum state spaces.
Proof L(aux) is a directed set, since any two finite subsets of ] 0, 1 ] are included in their union andthis union is finite. Let κ = (�1, � � � , ��) ∈ L(aux) with �1 < � � � < �� . Ξ(aux)κ being invertible can bechecked from the expression given for Ξ(aux),−1κ and this ensures that Ω(aux)κ is indeed a symplecticform (aka. an anti-symmetric, non-degenerate form).For any κ ⊂ κ� ∈ L(aux), π(aux)κ�→κ is a surjective map Mκ� → Mκ and is compatible with thesymplectic structures, for we have:
Ξ(aux),−1κ = P (aux)κ�→κ ◦ Ξ(aux),−1κ� ◦ Q(aux),∗κ�→κ .Moreover, for any κ ⊂ κ� ⊂ κ�� ∈ L(aux), π(aux)κ��→κ = π(aux)κ�→κ ◦ π(aux)κ��→κ� . Therefore, �L(aux), M(aux), π(aux)�is a projective system of phase spaces. Prop. 2.1.1 and 2.1.2 are fulfilled by construction with
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∀κ ∈ L(aux), Lκ = idMκ . �
Theorem 2.11With the notations of def. 2.6 and prop. 2.10, V↓(aux) := V↓(L(aux), (C(aux),P(aux)), (Q(aux),P(aux))) = ∅.Hence, prop. 2.8 implies that Sˆ⊗(aux) := Sˆ⊗(L(aux),H(aux),Φ(aux)) = ∅.
Lemma 2.12 Let K be a countably infinite subset of ] 0, 1 ] and let A > 0. We define:
V
↓(K,A) := �(Vκ, Uκ)κ ∈ V↓(aux) ��� ∀κ ⊂ K, ∀� ∈ κ, Vκ(h[�]κ , h[�]κ ) � A & Uκ(P[�]κ , P[�]κ ) � A� ,
with ∀κ ∈ L(aux), ∀� ∈ κ, h[�]κ := �� �→ �(�)� & P[�]κ := �P �→ P(�)� . Then, V↓(K,A) = ∅.
Proof Proceeding by contradiction, we suppose that there exists (Vκ, Uκ)κ ∈ V↓(K,A) . Let � ∈ N.Since K is infinite, there exist κ = (�1, � � � , ��) ⊂ K with �1 < � � � < �� . Then, we have:1� ��k=1 Vκ
�h[�k ]κ , h[�k ]κ � + Uκ �P[�k ]κ , P[�k ]κ � � 2A .
We define the � by � matrix M (�) by:
∀k, � ∈ {1, � � � , �} , M (�)k� := P[�k ]κ �Ξ(aux),−1κ �h[�� ]κ �� = �1 if k � �0 else .
Performing a singular value decomposition of M (�) there exist two � by � orthogonal matrices O(�)and O�(�), and a diagonal matrix Δ(�) with non-negative real entries, such that:M (�) = O�(�)� Δ(�)O(�) ,where ( · )� denotes the transpose matrix. Defining, for any k ∈ {1, � � � , �}, �k ∈ C(aux),∗κ and�k ∈ P(aux),∗κ by:
�k := ���=1 O(�)k� h[�� ]κ & �k :=
��
�=1 O�(�)k� P[�� ]κ ,we get:
1� ��k=1 Vκ (�k , �k ) + Uκ (�k , �k ) = 1�
��
�=1 Vκ
�h[�� ]κ , h[�� ]κ � + Uκ �P[�� ]κ , P[�� ]κ � � 2A .
On the other hand, from def. 2.6.2, we have:1� ��k=1 Vκ (�k , �k ) + Uκ (�k , �k ) � 1�
��
k=1 �k �Ξ(aux),−1κ (�k )�
= 1�Tr �O�(�)M (�)O(�)�� = 1�Tr Δ(�) = 1�Tr√M (�)� M (�) .
Now, N (�) := 1�2 M (�)� M (�) is given by:
∀k, � ∈ {1, � � � , �} , N (�)k� = 1�2 ���=1M (�)�k M (�)�� = 1�2
min(k,�)�
�=1 1 = 1� min
�k�, ��
� ,
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and the previous inequalities requires Tr√N(�) � 2A.On the complex Hilbert space J := L2 �[0, 1] , �µ[0,1]� (with �µ[0,1] the usual, normalized measureon [0, 1] ), we define, for any � ∈ N, a bounded operator N [�] by:
∀ζ ∈ J, ∀� ∈ [0, 1] , �N [�]ζ� (�) := ���=1 min
�[� ]� , ��
�� ��
�−1�
�� ζ(�)
= � 10 �� min �[� ]� , [�]�� ζ(�) ,
with [� ]� := 1��� �� and � · � the ceiling function. For any � ∈ {1, � � � , �}, we define �[�]� ∈ J by:∀� ∈ [0, 1] , �[�]� (�) := √�O(�)����� .
We have ��[�]� ��� �[�]���
J
= δ��� and, using N (�) = O(�)� �Δ(�)�
�2 O(�) :
N [�] = ���=1
�Δ(�)���
�2 ���[�]� � � �[�]� �� .
Now, we define a bounded operator N [∞] on J by:
∀ζ ∈ J, ∀� ∈ [0, 1] , �N [∞]ζ� (�) = � 10 �� min (�, �) ζ(�)
= � �0 �� � ζ(�) + �
� 1
� �� ζ(�) ,and, for any � ∈ N \ {0}, we define �[∞]� ∈ J by:
∀� ∈ [0, 1] , �[∞]� (�) := √2 sin ���− 12
�π �� .
We have ��[∞]� ��� �[∞]�� �
J
= δ��� and:
N [∞]�[∞]� = 4π2 (2�− 1)2 �[∞]� .
Since ∞��=1 2π (2�− 1) =∞, there exists M ∈ N \ {0} such that:
M�
�=1
2π (2�− 1) > 2A+ 1 .
Let � ∈ N such that � > 8π2M3 and complete ��[�]� ��∈{1,���,�} into an orthonormal basis ��[�]� ��∈N\{0}of J. For any � ∈ {1, � � � ,M} , we have:��N [∞] �[∞]� − N [�] �[∞]� �� � ��N [∞] −N [�]�� ���[∞]� �� � 1� .
16
But we also have:��N [∞] �[∞]� − N [�] �[∞]� ��2 = 1�4 ∞���=1
�����Δ(∞)���2 − �Δ(�)�����2����2 ������[�]�� ��� �[∞]� �
J
����2
where Δ(∞)�� := 2�π (2�− 1) and, for any �� > �, Δ(�)���� := 0. Thus, we get:
1�4
� inf��∈N\{0}
�����Δ(∞)���2 − �Δ(�)�����2�����2 ∞���=1
������[�]�� ��� �[∞]� �
J
����2 � 1�2 ,
and therefore:
inf��∈N\{0}
�����Δ(∞)���2 − �Δ(�)�����2���� � � .
Hence, for any � ∈ {1, � � � ,M} , there exists � ∈ N \ {0}, such that:������ 4π2 (2�− 1)2 −
�Δ(�)� ��
�2������ � 2� .
Using Δ(�)� � � 0 and � > 8π2M3 , this implies:����� 2π (2�− 1) − Δ(�)� ��
����� =
������ 4π2 (2�− 1)2 −
�Δ(�)� ��
�2������
����� 2π (2�− 1) + Δ(�)� ��
�����
−1
� 14πM2 .
On the other hand, for any �� > �, we have:����� 2π (2�− 1) − Δ(�)�����
����� � 1πM � 1πM2 ,
so � � �. Next, for any � �= �� ∈ {1, � � � ,M}, the inequality:���� 2π (2�− 1) − 2π (2�� − 1)
���� � 1πM2holds, so � �= � �. Therefore, we obtain:
��
�=1
Δ(�)� �� � M��=1 Δ
(�)� �� � M��=1 2π (2�− 1) − 14πM > 2A ,
in contradiction with 1� Tr Δ(�) � 2A , whence the initial assumption on the existence of (Vκ, Uκ)κ ∈
V
↓(K,A) is proven wrong. �Proof of theorem 2.11 Again, we proceed by contradiction and we suppose that there exists(Vκ , Uκ)κ ∈ V↓(aux) . For any � ∈ ] 0, 1 ] , we define V [�] := Vκ �h[�]κ , h[�]κ � and U [�] := Uκ �P[�]κ , P[�]κ �for some κ ∈ L(aux) such that � ∈ κ . If κ� ∈ L(aux) is such that � ∈ κ�, then κ, κ� ⊂ κ ∪ κ� ∈ L(aux)and:
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Vκ� �h[�]κ� , h[�]κ�� = Vκ∪κ� �Q(aux),∗κ∪κ�→κ��h[�]κ� �, Q(aux),∗κ∪κ�→κ��h[�]κ� �� = Vκ∪κ� �h[�]κ∪κ� , h[�]κ∪κ��
= Vκ �h[�]κ , h[�]κ � = V [�] .
Similarly, Uκ� �P[�]κ� , P[�]κ�� = U [�] . Now, we have:
] 0, 1 ] = ∞�A=1 �� ∈ ] 0, 1 ] �� V [�] � A & U [�] � A� ,and since ] 0, 1 ] is uncountably infinite, there exists A ∈ N \ {0} such that:�� ∈ ] 0, 1 ] �� V [�] � A & U [�] � A�
is infinite, hence contains some countably infinite subset K. Then, we have (Vκ , Uκ)κ ∈ V↓(K,A) , butthis is impossible since V↓(K,A) = ∅ from the previous lemma. �
Proposition 2.13 Let L�� be the directed label set defined in [13, def. 2.14]. For any η ∈ L��, let
CRη := {� : γ(η)→ R}, PRη := {P : F(η)→ R} (with γ(η) and F(η) as in [13, def. 2.14] ), MRη :=T ∗(CRη ) and, for any η � η� ∈ L��, let πRη�→η : MRη� → MRη be defined as in [13, prop. 3.8] in thespecial case G = (R, +). Then, �L��, MR, πRη�→η�↓ is a projective system of phase spaces fulfillingthe hypotheses of prop. 2.1, with:
1. ∀η ∈ L��, ∀P ∈ PRη , ΞRη (P) : � �→ ��∈γ(η)P ◦ χη(�) �(�) (with χη as in [13, def. 2.14] );
2. ∀η ∈ L��, ∀(�, �) ∈ MRη , LRη (�, �) := ��, F �→ ��δχ−1η (F )�� (with, for any F ∈ F(η) and any� ∈ γ(η), δχ−1η (F )(�) = 1 if χη(�) = F , and 0 otherwise);
3. ∀η � η� ∈ L��, ∀�η� ∈ CRη� , QRη�→η(�η�) : � �→ �η�→η,�k=1 εη�→η,�(k) �η� ◦ �η�→η,�(k) (with the notationsof [13, prop. 3.5]);
4. ∀η � η� ∈ L��, ∀Pη� ∈ PRη� , PRη�→η(Pη�) : F �→ �F�∈H(1,3)η�→η,FPη�(F
�) (with H (1,3)η�→η,F also from [13,
prop. 3.5]).The projective system of quantum state spaces �L��, HR, ΦR�⊗ provided by [13, prop. 3.10] (in thespecial case G = (R, +) ) can be identified with the one provided by prop. 2.1. Moreover, for anyη ∈ L�� and any (�, �) ∈ CR,∗η × PR,∗η ,
XRη (�, �) = ��∈γ(η) �(δ�)�h(�,idR)η −
�
F∈F(η) �(δF )�P(F,1)η ,using the densely defined, essentially self-adjoint operators introduced in [13, eqs. (3.11.1) and(3.11.2)] (the minus sign is the result of conflicting conventions in [15, prop. A.14] and prop. A.5).
Proof Assertions 2.1.1 and 2.1.2. Let η ∈ L��. ΞRη is an invertible linear map Pη → C∗η with:
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∀� ∈ C∗η, ΞR,−1η (�) : F �→ ��δχ−1η (F )� .Next, LRη is an invertible linear map MRη → CRη × PRη , with:
∀(�, P) ∈ CRη × PRη , LR,−1η (�, P) = ��, �� �→ ��∈γ(η)P ◦ χη(�) ��(�)� .Let ΩRη be the symplectic structure on CRη × PRη defined by:∀�, �� ∈ Cη , ∀P, P� ∈ Pη , ΩRη (�, P; ��, P�) := ΞRη (P�)(�)− ΞRη (P)(��) .We have:∀(�, �), (��, ��) ∈MRη , �LR,∗η ΩRη �(�, �; ��, ��) = ��(�)− �(��) .Hence, LRη is a symplectomorphism (with respect to the canonical symplectic structure on MRη =T ∗(CRη ), see [14, eq. (2.16.1)] ). Moreover, it coincides with the map defined in [13, prop. 3.8] in thecase G = (R, +).Let η � η� ∈ L�� . Using [13, prop. 3.8] we have, for any �η� , Pη� ∈ CRη� × PRη� :LRη ◦ πRη�→η ◦ LR,−1η� (�η� , Pη�) = �QRη�→η(�η�), PRη�→η(Pη�)� .
Projective of quantum state spaces. For any η � η� ∈ L��, let CRη�→η and φRη�→η , resp. Cη�→η andφη�→η , be defined as in [13, prop. 3.6] (with G = (R,+) ), resp. as in prop. 2.1. It follows from theuniqueness part of [14, prop. 2.10] and from the connectedness of Mη� that the tangential lifts ofthe maps φRη�→η and φη�→η must coincide modulo a suitable symplectomorphic identification of thecotangent bundles T ∗(CRη�→η) and T ∗(Cη�→η). Hence, the maps φRη�→η and φη�→η themselves coincidemodulo a diffeomorphic identification of the manifolds CRη�→η and Cη�→η . Therefore, the associatedprojective systems of quantum state spaces coincide modulo a unitary identification of the Hilbertspaces HRη�→η := L2(CRη�→η) and Hη�→η := L2(Cη�→η) .
Observables. Let (�, �) ∈ CR,∗η × PR,∗η and ψ ∈ DRη := C∞� (CRη , C) . For any � ∈ CRη , we have:�XRη (�, �)ψ� (�) := �(�)ψ(�)− � [T�ψ] �ΞR,∗,−1η (�)�= ��∈γ(η) �(δ�)�(�)ψ(�)−
�
F∈F(η) � �(δF ) [T�ψ] (δχ−1η (F )) ,where we have used that, for any F ∈ F(η), ΞR,∗,−1η (�)(χ−1η (F )) = �(δF ) . Now, specializing thedefinitions from [13, prop. 3.11] to the case G = (R,+), this can be rewritten as:�XRη (�, �)ψ� (�) = ��∈γ(η) �(δ�) �h(�,idR)η ψ�(�)−
�
F∈F(η) �(δF ) �P(F,1)η ψ�(�) .
�
Proposition 2.14 With the notations of def. 2.5 and prop. 2.13, Sˆ⊗(L��,HR,ΦR) = ∅.
Proof Directed pre-order on L�� � L(aux). Let Ψ : U → V be an analytical coordinate patch on Σ,
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Ψ�B(�)ε �
τ1 τ3/2 τ2 τ5/2 τ3 20 1
Figure 2.1 – Constructing ηκ
with U an open neighborhood of 0 in R� (recall that � := dim(Σ) � 1). Let ε such that B(�)ε ⊂ U .For any τ �= τ� ∈ [0, 2] we define:
�˘τ,τ� : Uτ,τ� ⊂ R� ≈ R×R�−1 → V(�, �) �→ Ψ� ε2�τ + � (τ� − τ)�, ε2 �� ,
where Uτ,τ� = �(�, �) ∈ R� ≈ R×R�−1 ���� �τ + � (τ� − τ), �� ∈ 2ε U
� is an open neighborhood of
[0, 1] × {0}�−1 in R�. We denote by �τ,τ� be the corresponding edge. Next, for any τ ∈ [0, 1] wedefine S˘τ ≡ �˘τ,2 and we note that Uτ,2 is an open neighborhood of {0} × B(�−1) in R�. We denoteby Sτ the corresponding surface.Let κ = (τ1, � � � , τ�) ∈ L(aux), with 0 < τ1 < � � � < τ� � 1 . We define (fig. 2.1):γκ := ��τ� , τ�−1/2 �� � ∈ {1, � � � , �}� ∪ ��τ� , τ�+1/2 �� � ∈ {1, � � � , �}� ∈ Lgraphs ,where τ1/2 := 0, τ�+1/2 := 2 and, for any � ∈ {1, � � � , � − 1}, τ�+1/2 := 12 (τ� + τ�+1) . We also define:λκ := � {Sτ | τ ∈ κ} �∼ ∈ Lprofls ,where ∼ denotes the equivalence relation from [13, def. 2.12]. Since, for any τ �= τ�, �(Sτ )∩�(Sτ�) =
∅, we have:
F(λκ) = �Fτ� (κ) ��� τ ∈ κ, � ∈ � ↑, ↓ �� ,
where, for any τ ∈ κ and any � ∈ � ↑, ↓ � :Fτ� (κ) := {� ∈ Ledges | � � Sτ & ∀τ� ∈ κ \ {τ} , � � Sτ�} .Thus, ηκ := (γκ , λκ) ∈ L�� with:∀� ∈ {1, � � � , �} , χηκ (�τ� , τ�−1/2 ) = Fτ�↓ (κ) & χηκ (�τ� , τ�+1/2 ) = Fτ�↑ (κ) .Moreover, for any � ∈ {1, � � � , �} , we have:
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�τ� , 0 = �τ1 , τ1/2 ◦ �−1τ1 , τ3/2 ◦ � � � ◦ �τ� , τ�−1/2 ,
and Fτ�↓ (κ) = Fτ� ∈ Lfaces , with Fτ� := �� ∈ Ledges ��� � ↓ Sτ�� ,
where, for F ⊂ Ledges, F⊥ and F := F⊥ ◦ F are defined as in [13, prop. 3.3], and the equalityFτ�↓ (κ) = Fτ� can be proved using prop. [13, 2.11.4].Now, let L := L�� � L(aux) and extend the pre-orders on L�� and L(aux) with:∀η = (γ, λ) ∈ L��, ∀κ ∈ L(aux),κ � η ⇔ �∀τ ∈ κ, γ ∈ Lgraphs/�τ,0 & λ ∈ Lprofls/Fτ� ,where Lgraphs/� for � ∈ Ledges , resp. Lprofls/F for F ∈ Lfaces , has been defined in [13, prop. 3.2],resp. in [13, prop. 3.3]. To check that this defines a pre-order L, we note that:∀� ∈ Ledges, ∀γ � γ� ∈ Lgraphs , γ ∈ Lgraphs/� ⇒ γ� ∈ Lgraphs/� ,∀F ∈ Lfaces, ∀λ � λ� ∈ Lprofls , λ ∈ Lprofls/F ⇒ λ� ∈ Lprofls/F .Since, for any κ ∈ L(aux), κ � ηκ with ηκ the label constructed above, L�� is cofinal in L and, inparticular, L is directed.
Projective system on L. For any κ ∈ L(aux) and any η = (γ, λ) ∈ L�� such that κ � η, we define:Qη→κ : CRη → C(aux)κ� �→ �τ �→��γ→�τ,0k=1 εγ→�τ,0 (k) � ◦ �γ→�τ,0 (k)� ,as well as:Pη→κ : PRη → P(aux)κP �→ �τ �→�F�∈Hλ→Fτ P(F�)� ,where �γ→�τ,0 , εγ→�τ,0 and �γ→�τ,0 have been defined in [13, prop. 3.2], and Hλ→Fτ in [13, prop. 3.3].Defining, for any κ ∈ L(aux) and any η ∈ L��, πη→κ :MRη →M(aux)κ as:πη→κ = �Qη→κ × Pη→κ� ◦ LRη ,and specializing the definitions from [13, prop. 3.9] to the case G = (R,+), we have:
∀(�, �) ∈MRη , πη→κ(�, �) = �τ �→ h(�τ,0 , idR)η (�, �), τ �→ P(Fτ,1)η (�, �)� .
For any κ � κ� ∈ L(aux) and any η ∈ L�� with κ� � η, we thus have, using the definition of π (aux)κ�→κfrom prop. 2.10:
πη→κ = π(aux)κ�→κ ◦ πη→κ� .Moreover, for any κ ∈ L(aux) and any η � η� ∈ L��, with κ � η, we have shown in [13, prop. 3.9]that:∀τ ∈ κ, h(�τ,0 , idR)η ◦ πRη�→η = h(�τ,0 , idR)η� & P(Fτ,1)η ◦ πRη�→η = P(Fτ,1)η� ,therefore, we also have:
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πη�→κ = πη→κ ◦ πRη�→η .
Let κ = (τ1 , � � � , τ�) ∈ L(aux) with 0 < τ1 < � � � < τ� � 1 and let ηκ = (γκ , λκ) be constructedas above. We have:
∀� ∈ CRηκ , ∀τ� ∈ κ, �Qηκ→κ(�)�(τ� ) = ���=1 �(�τ�,τ�−1/2 )−
�−1
�=1 �(�τ�,τ�+1/2 ) ,as well as:∀P ∈ PRηκ , ∀τ� ∈ κ, �Pηκ→κ(P)�(τ�) = P�Fτ�↓ (κ)� .Inserting the expression for ΞR,−1ηκ from the proof of prop. 2.13, we get, for any � ∈ C(aux),∗κ :
Pηκ→κ ◦ ΞR,−1ηκ ◦ Q∗ηκ→κ(�) : τ� �→ � ◦ Qηκ→κ �δχ−1ηκ �Fτ�↓ (κ)�
� = ��τ� �→ ��k=1 δ�k
� .
Thus, Pηκ→κ ◦ ΞR,−1ηκ ◦ Q∗ηκ→κ = Ξ(aux),−1κ , in other words πηκ→κ is a projection compatible with thesymplectic structures. Then, for any η ∈ L�� such that η � κ , there exists η� � η, ηκ such thatπη→κ ◦ πRη�→η = πη�→κ = πηκ→κ ◦ πRη�→ηκ , so πη→κ is a projection compatible with the symplecticstructures.Thus, we can combine �L(aux), M(aux), π(aux)�↓ and �L��, MR, πR�↓ into a projective system ofphase spaces on L, fulfilling prop. 2.1.1 and 2.1.2. We denote by (L, H, Φ)⊗ the correspondingprojective system of quantum state spaces.
Mapping narrow states on L�� to narrow states on L(aux). Applying [15, prop. 2.6] twice, to go from
L�� to L (using that L�� is cofinal in L) and from L to L(aux), there exist a map σ : S⊗(L��,HR,ΦR) →
S
⊗(L(aux),H(aux),Φ(aux)) and a map α : A⊗(L(aux),H(aux),Φ(aux)) → A⊗(L��,HR,ΦR) such that:∀ρ ∈ S⊗(L��,HR,ΦR) , ∀A ∈ A⊗(L(aux),H(aux),Φ(aux)) , Tr�ρ α(A)� = Tr�σ (ρ)A� .Moreover, for any κ ∈ L(aux) and any (�, �) ∈ C(aux),∗κ × P(aux),∗κ , we have from eq. (2.3.1):α ��T(aux)κ (�, �)�∼,L(aux)� = �Φ−1ηκ→κ ◦ �idHηκ→κ ⊗ T(aux)κ (�, �)� ◦ Φηκ→κ�∼,L��= �TRηκ �� ◦ Qηκ→κ , � ◦ Pηκ→κ� �∼,L�� .Thus, for any ρ ∈ S⊗(L��,HR,ΦR) and any κ ∈ L(aux), we get:∀(�, �) ∈ C(aux),∗κ × P(aux),∗κ , Wσ (ρ)κ (�, �) = Wρηκ �� ◦ Qηκ→κ , � ◦ Pηκ→κ� ,
hence σ �Sˆ⊗(L��,HR,ΦR)� ⊂ Sˆ⊗(L(aux),H(aux),Φ(aux)) = ∅. �
If we cannot have Gaussian states, the next best thing would be to have some quantum analogue
of the classical probability distributions whose characteristic function takes the form:��−��(X )�X = exp ���(�)− ��(�)�α/2� ,
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with α ∈ ] 0, 2] , � a linear form and � a (symmetric) non-negative bilinear form on the dual space.
These distributions have the nice property that their marginal probabilities (the classical equivalent
of the partial trace of a quantum state) are again of the same form, with the same α (this is manifest
by recalling that the characteristic function for a marginal probability is the restriction of the full
characteristic function to the corresponding vector subspace of the dual space, in complete analogy
to def. 2.2.3). For α = 2 the distribution is Gaussian, while for α < 2 it is heavy-tailed (aka. has
infinite variance), and these distributions generalize the Gaussian distribution in the sense that
they appear as attractors in heavy-tailed generalizations of the central limit theorem [6].
However, as prop. 2.15 below shows, the previous arguments excludes in the same stroke a large
class of states.
Proposition 2.15 We consider the same objects as in prop. 2.4 and we suppose that there exists astate ρ ∈ S⊗(L,H,Φ) , integers �, � ∈ N, and reals ε1 , � � � , ε�+� > 0 such that:
1. for any η ∈ L there exists � linear forms �(1)η , � � � , �(�)η and � (symmetric) non-negative bilinearforms �(1)η , � � � , �(�)η on C∗η × P∗η ;
2. for any η � η� ∈ L:
∀k ∈ {1, � � � , �} , �(k)η = �(k)η� ◦ (Q∗η�→η × P∗η�→η)
& ∀� ∈ {1, � � � , �} , �(�)η = �(�)η� ◦ �(Q∗η�→η × P∗η�→η)× (Q∗η�→η × P∗η�→η)� ;
3. for any η ∈ L and any (�, �) ∈ C∗η × P∗η :�∀k ∈ {1, � � � , �} , ���(k)η (�, �)��2 < εk & ∀� ∈ {1, � � � , �} , �(�)η (�, �; �, �) < ε�+��
⇒ ��Wρη(�, �)− 1�� < 12 .Then, Sˆ⊗(L,H,Φ) �= ∅.Proof For any η ∈ L we define:∀(�, �), (��, ��) ∈ C∗η × P∗η ,
Bη(�, �; ��, ��) := 14π min(ε1 , � � � , ε�+�)
� �
k=1 �(k)η (�, �)�(k)η (��, ��) +
��
�=1 �(�)η (�, �; ��, ��)
� ,
as well as:∀�, �� ∈ C∗η , Vη(�, ��) := Bη(�, 0; ��, 0) & ∀�, �� ∈ P∗η , Uη(�, ��) := Bη(0, �; 0, ��) .Vη , resp. Uη , is a (symmetric) non-negative bilinear form on C∗η , resp. P∗η , and for any η � η� ∈ L,we have:Vη = Vη� ◦ (Q∗η�→η × Q∗η�→η) & Uη = Uη� ◦ (P∗η�→η × P∗η�→η) .
Let η ∈ L. Reasoning by contradiction, we suppose that there exists (��, ��) ∈ C∗η ×P∗η such that:Vη(��, ��) + Uη(��, ��) < ���Ξ−1η (��)� .
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In particular, this implies ε := ���Ξ−1η (��)� > 0 . We define � := �2πε �� and � := �2πε �� , so that:Vη(�, �) + Uη(�, �) < 2π & ��Ξ−1η (�)� = 2π .Then, we have:Bη(�, 0; �, 0) = Vη(�, �) < 4π & Bη(0, �; 0, �) = Uη(�, �) < 4π ,as well as:Bη(−�, �; −�, �) � Bη(−�, �; −�, �) + Bη(�, �; �, �) = 2 �Vη(�, �) + Uη(�, �)� < 4π .Thus, we get:��Wρη(�, 0)− 1�� < 12 , ��Wρη(0, �)− 1�� < 12 & ��Wρη(−�, �)− 1�� < 12 . (2.15.1)Now, the positivity condition eq. (2.2.1) applied to the points (0, 0), (�, 0) and (0, �) can be rewrittenas: ∀z� , z1 , z2 ∈ C,|z�|2 + |z1|2 + |z2|2 + 2Re �z� z1Wρη(�, 0) + z� z2Wρη(0, �)− z1z2Wρη(−�, �)� � 0 (2.15.2)where we have used ��Ξ−1η (�)� = 2π and Wρη(0, 0) = 1 (for ρ ∈ S⊗(L,H,Φ) , hence TrHη ρη = 1).Applying eq. (2.15.2) with z� = 1 and z1 = z2 = −1 yields:0 � 3− Re �2Wρη(�, 0)− 2Wρη(0, �)− 2Wρη(−�, �)�
� 2 ��1−Wρη(�, 0)�� + 2 ��1−Wρη(0, �)��− 1− 2 Re �Wρη(−�, �)�< Re �1−Wρη(−�, �)�− Re �Wρη(−�, �)� .Thus, −Re�1 − Wρη(−�, �)� < Re�Wρη(−�, �)� < Re�1 − Wρη(−�, �)�, and since we also haveIm�Wρη(−�, �)� = −Im�1−Wρη(−�, �)�, this implies ��Wρη(−�, �)�� < ��1−Wρη(−�, �)�� < 12 < 1.Next, we apply eq. (2.15.2) with:
z� = 1− ��Wρη(−�, �)��2 ,z1 = −Wρη(�, 0)−Wρη(0, �)Wρη(−�, �) & z2 = −Wρη(0, �)−Wρη(�, 0)Wρη(−�, �)(these values arise by optimizing on z1 , z2 , keeping z� fixed). After simplifications, we get:
0 � z2� − z� ���Wρη(�, 0)��2 + ��Wρη(0, �)��2�− 2 z� Re �Wρη(�, 0)Wρη(0, �)Wρη(−�, �)� .
Since ��Wρη(−�, �)�� < 1, z� > 0, so this leads to:��Wρη(−�, �)��2 + ��Wρη(�, 0)��2 + ��Wρη(0, �)��2 + 2Re �Wρη(�, 0)Wρη(0, �)Wρη(−�, �)� � 1 .Finally, we rewrite this inequality in terms of �� := Wρη(−�, �) − 1, �1 := Wρη(�, 0) − 1 and�2 := Wρη(0, �)− 1 :0 � 4 + 4Re (�� + �1 + �2) + |�� + �1 + �2|2 + 2Re (���1�2)
� 4− 4 |�� + �1 + �2|+ |�� + �1 + �2|2 − 2 |���1�2| .However, this contradicts eq. (2.15.1) which requires |�� + �1 + �2| < 3/2 and |���1�2| < 1/8,
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since (� �→ �2 − 4 �) � [0, 3/2 [ � = ]−15/4, 0] .Thus, we have proven that:∀(�, �) ∈ C∗η × P∗η, Vη(�, �) + Uη(�, �)− � �Ξ−1η (�)� � 0 .In particular, for any � �= 0 ∈ C∗η, there exists � ∈ Cη such that �(�) �= 0, so defining � :=Ξ∗η� ��(�)
� ∈ P∗η , we have:
∀λ ∈ R, λ2 Vη(�, �) + Uη(�, �)− λ � 0 ,hence the symmetric bilinear form Vη is strictly positive. Similarly, Uη is also strictly positive.Therefore, �Vη , Uη�η∈L ∈ V↓(L,(C,P),(Q,P)) , so by prop. 2.9, Sˆ⊗(L,H,Φ) �= ∅. �
The previous result can also be seen as excluding a different notion of state confinement, focus-
ing on quantiles rather than moments (in other words, working with the cumulative distribution
function rather than with the characteristic or moment-generating one).
Proposition 2.16 We consider the same objects a in prop. 2.4. Let C∗cyl , resp. P∗cyl , be the inductivelimit (without any completion) of the inductive system ��C∗η�η∈L , �Q∗η�→η�η�η�� , resp. ��P∗η�η∈L ,�P∗η�→η�η�η�� . For any η ∈ L, let Q∗cyl→η , resp. P∗cyl→η , be the canonical injection of C∗η in C∗cyl ,resp. of P∗η in P∗cyl .We suppose that there exists a state ρ ∈ S⊗(L,H,Φ) , a real � > 3/4 and a non-negative (symmetric)bilinear form Bcyl on C∗cyl × P∗cyl such that, for any η ∈ L and any (�, �) ∈ C∗η × P∗η :TrHη �ρηΠη(�, �)� � � ,where Πη(�, �), is the spectral projector of Xη(�, �) on �− A, A� with:
A = �Bcyl�Q∗cyl→η(�), P∗cyl→η(�); Q∗cyl→η(�), P∗cyl→η(�)� .
Then, Sˆ⊗(L,H,Φ) �= ∅.Proof For any η ∈ L, we define:∀(�, �), (��, ��) ∈ L, �(1)η (�, �; ��, ��) := Bcyl�Q∗cyl→η(�), P∗cyl→η(�); Q∗cyl→η(��), P∗cyl→η(��)� .By construction, ��(1)η �η∈L fulfills prop. 2.15.1 and 2.15.2.Let ε1 := �2 � − 32�2 > 0. For any η ∈ L and any (�, �) ∈ C∗η × P∗η such that �(1)η (�, �; �, �) < ε1 ,we have:��Πη(�, �) �Tη(�, �)− idHη��� � sup�∈�−√�(1)η (�,�; �,�),√�(1)η (�,�; �,�)�
���� � − 1��
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= 2 sin
��(1)η (�, �; �, �)2
 < 2 � − 32 ,
as well as:��Tη(�, �)− idHη�� � �Tη(�, �)�+ ��idHη�� = 2 .Thus, we get:��Wρη(�, �)− 1�� = ��T�Hη ρη �Tη(�, �)− idHη���
< 2 � − 32 + 2T�Hη ρη �idHη − Πη(�, �)� < 12 .Hence, prop. 2.15 implies Sˆ⊗(L,H,Φ) �= ∅. �
3 Outlook
The intention to obtain better semi-classical states for Loop Quantum Gravity was an important
motivation for the state space extension considered in [13]. However, as just shown, it turns out that
going beyond the Ashtekar-Lewandowski sector is only one part of the solution, and that further
obstructions to the existence of such states on the holonomy-flux algebra need to be addressed as
well.
Note that, while the argument cannot be easily generalized beyond the G = R case (because
the systematic study of narrow states in subsection 2.1 makes heavy use of the linearity, viz. the
discussion preceding prop. 2.9), we can nevertheless take it as a hint on what will be required to
make the construction of semi-classical states easier – or even possible – in the general case. On
the one hand, the negative result of subsection 2.2 casts serious doubts on the possibility to design
admissible semi-classical states on the full holonomy-flux algebra, even in the compact group case:
although diverging variances are of course excluded in this case (at least for the configuration
variables), we expect that, if states very peaked around the group identity could be designed, the
group structure should not matter much to them (heuristically, the portion of the configuration
space seen by such states would be nearly linear). On the other hand, the approach we will develop
in [16] to go around the obstruction should simplify the construction of projective states to the
point that keeping G arbitrary would become effortless.
The exclusion of large classes of states on the real-valued holonomy-flux algebra, discussed at
the end of subsection 2.2, also raises an additional question, namely whether the projective state
space could possibly be empty in this case. While projective systems built on countable label sets
always yield non-empty quantum state spaces (because projective states can then be constructed
recursively, see [16, subsection 2.1]), the situation is less clear on uncountable labels sets (see [28]
for an instructive example of a seemingly healthy, yet empty projective limit). In the case of the
holonomy-flux algebra on a compact group G, we have proved in [13, theorem 3.20] that all states
on the corresponding AL Hilbert space belong to the projective state space, which is thus guaranteed
to be non-empty, but we do not have such a proof if the group is non-compact, because the AL
Hilbert space does not exist there.
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To analyze this question more closely in the G = R case, one can observe that any state on the
algebra A⊗(L,H,Φ) (aka. positive linear form of norm 1, see [7, part III, def. 2.2.8] and [15, prop. 2.4])
yields a C-valued function on the inductive limit C∗cyl × P∗cyl , which satisfies suitable positivity
requirements (in accordance with def. 2.2.2). Since the space of states on a C∗-algebra is never
empty [25, theorem I.9.18] , we are assured that there do exist such functions of positive type on
C∗cyl × P∗cyl . However, a function of positive type comes from a projective state in S⊗(L,H,Φ) if and
only if it is continuous with respect to the inductive limit topology on C∗cyl × P∗cyl (this reflects
the characterization of normal states over a W∗-algebra, see [25, corollary III.3.11]). What we have
established above is that, in the case of the projective structure constructed as in [13, subsection 3.1]
for the holonomy-flux algebra with G = R:
• there do not exist any function of positive type twice-differentiable at 0 with respect to the
inductive limit topology;
• given some scalar product on C∗cyl × P∗cyl , there do not exist any function of positive type
continuous at 0 with respect to the corresponding (strong) topology.
This still leaves a fairly large window for projective quantum states to be found, however, it would
be reassuring to have an actual proof of their existence, and, even better, constructive techniques
to obtain them.
On the other hand, the first of these two points demonstrates that the failure to find admissible
semi-classical states would not be solved by looking for an even larger state space: if there would
exist such states on the algebra they would be twice-differentiable, hence continuous, at 0, and
they would belong to the projective state space (thanks to the positivity condition, continuity at
zero implies continuity everywhere). In other words, a state on the algebra that would have finite
variances would automatically be regular enough to be representable as a projective family of density
matrices (aka. projective quantum state). As announced in section 1, the problem we uncovered
here has its roots in the holonomy-flux algebra itself. Therefore, the resolution we will propose in
[16] is meant to act directly on the structure of this algebra. At the same time, it has the potential
to bypass the concerns just raised about the projective state space being possibly empty, since it
should provide us with a systematic procedure to construct arbitrary projective quantum states, no
matter whether the gauge group is compact or not [16, subsection 2.1].
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A Appendix: Wigner characteristic functions
In this appendix, we give a brief overview of the Wigner-Weyl transform [29] , that allows
to represent quantum density matrices as functions on the phase space, mimicking the probability
distributions of classical statistical physics. The presentation below follows very closely [11] , merely
adapting of the notations and definitions to the ones we will be using in section 2.
Note that, in view of applying this tool to projective systems of quantum state spaces (subsec-
tion 2.1), we will be doing only ‘half’ of the Wigner transform: going from the density matrix
to the Wigner characteristic function. The second half would be to perform a Fourier transform
yielding the Wigner quasi-probability distribution, in analogy to the reconstruction of a classical
probability distribution from its characteristic function. However, Wigner characteristic functions
are more convenient when working with partial traces of the underlying density matrices, exactly
like classical characteristic functions are convenient for computing marginal probabilities.
A.1 Weakly continuous representations of the Weyl algebra
We begin by recalling basic facts regarding the Weyl algebra and weakly continuous represen-
tations thereof. These representation-theoretic considerations will come into play to prove that the
Wigner transform is surjective onto a suitably defined space of functions.
Definition A.1 Let C, P be two finite-dimensional real vector spaces and let Ξ : P → C∗ be aninvertible linear map (with C∗ the dual of C). We equip C×P with the symplectic form Ω given by:∀�, �� ∈ C, ∀�, �� ∈ P, Ω(�, � ; ��, ��) := Ξ(��)(�)− Ξ(�)(��) .The map M := idC × Ξ is then a symplectomorphism C × P → T∗(C) (T ∗(C) being equipped withits canonical symplectic structure, see eg. [14, eq. (2.16.1)] ).
Proposition A.2 Let I be the complex vector space of functions C∗ × P∗ → C with support onfinitely many points, ie:∀ι ∈ I, # {(�, �) ∈ C∗ × P∗ | ι(�, �) �= 0} < ∞.In particular, for any (�, �) ∈ C∗ × P∗, we define δ(�,�) ∈ I by:
∀(��, ��) ∈ C∗ × P∗, δ(�,�)(��, ��) := �1 if (��, ��) = (�, �)0 else .
For ι1 , ι2 ∈ I, we define their product ι1 � ι2 ∈ I by:∀(�, �) ∈ C∗ × P∗, (ι1 � ι2) (�, �) := �(�1,�1),(�2,�2)∈C∗×P∗�=�1+�2, �=�1+�2
��ξ(�1,�1;�2,�2) ι1(�1, �1) ι2(�2, �2) ,
where, for any (�1, �1), (�2, �2) ∈ C∗ × P∗:
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ξ(�1, �1; �2, �2) := �1�Ξ−1(�2)�− �2�Ξ−1(�1)�2 .We also define, for any ι ∈ I, its conjugate ι∗ by:∀(�, �) ∈ C∗ × P∗, ι∗(�, �) := ι(−�,−�) ,where · stands for complex conjugation.
I, �, ∗ is a ∗-algebra [7, section III.2.2] , with unit δ(0,0) .Proof Let ι1 , ι2 ∈ I. Since ι1 and ι2 are supported on finitely many points, the sum defining ι1 � ι2is finite and ι1 � ι2 is again supported on finitely many points, ie. it is in I. The operation � isbilinear, and, for any ι1 , ι2 , ι3 ∈ I, we have:∀(�, �) ∈ C∗ × P∗, �ι1 � (ι2 � ι3)�(�, �) == ��=�1+��1�=�1+��1
�� ξ(�1,�1;��1,��1) ι1(�1 , �1) ���1=�2+�3��1=�2+�3
�� ξ(�2,�2;�3,�3) ι2(�2 , �2) ι3(�3 , �3)
= ��=�1+�2+�3�=�1+�2+�3
�� ξ(�1,�1;�2,�2)+� ξ(�1,�1;�3,�3)+� ξ(�2,�2;�3,�3) ι1(�1 , �1) ι2(�2 , �2) ι3(�3 , �3)
= �(ι1 � ι2) � ι3�(�, �) ,so it is associative as well. We can check that δ(0,0) is a unit for I, �. Finally, the operation ( · )∗ isan antilinear involution by construction, and, for any ι1 , ι2 ∈ I, we have:∀(�, �) ∈ C∗ × P∗, (ι1 � ι2)∗(�, �) = ��=�1+�2�=�1+�2
�−� ξ(�1,�1;�2,�2) ι∗1(�1 , �1) ι∗2(�2 , �2) = (ι∗2 � ι∗1)(�, �) .
�
Note that the elementary observables Xκ(�, �) in a representation κ are labeled by elements of the
dual space C∗ × P∗ of the phase space M ≈ C× P, because they are actually labeled by the linear
observables of which they are the quantization (in the spirit of [15, def. A.3], up to a difference in
sign convention). Therefore, the unitary operators Tκ(�, �), which are obtained by exponentiating
these observables, are labeled by elements of the dual as well. This observation will be important
for the development of subsection 2.1.
Definition A.3 Let Hκ be a complex Hilbert space. A weakly continuous, unitary representation of
C∗ × P∗ on Hκ is a map Tκ : C∗ × P∗ → Aκ (where Aκ is the algebra of bounded linear operatorsover Hκ), satisfying the following properties:1. ∀(�, �) ∈ C∗ × P∗, Tκ(�, �) is a unitary operator on Hκ ;
2. ∀(�1, �1), (�2, �2) ∈ C∗ × P∗, Tκ(�1, �1) Tκ(�2, �2) = ��ξ(�1,�1;�2,�2) Tκ(�1 + �2, �1 + �2) ;
3. Tκ(0, 0) = idHκ ;
4. ∀φ, φ� ∈ Hκ , the map (�, �) �→ �φ� | Tκ(�, �)φ� is a continuous function C∗ × P∗ → C.
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This provides a representation of the ∗-algebra I on Hκ :∀ι ∈ I, Tκ {ι} := �(�,�)∈C∗×P∗ι(�, �) Tκ(�, �)(using in particular that points A.3.1 to A.3.3 imply ∀(�, �) ∈ C∗ × P∗, Tκ(−�,−�) = Tκ(�, �)−1 =Tκ(�, �)† ).Proposition A.4 Let Hκ , Tκ be as in def. A.3. Then, there exists, for any (�, �) ∈ C∗ ×P∗ a denselydefined (possibly unbounded), self-adjoint operator Xκ(�, �) on Hκ such that:∀τ ∈ R, Tκ(τ�, τ�) = exp(� τ Xκ(�, �))(the exponential being defined via spectral resolution [23, theorem VIII.5] ).Moreover, there exists a dense vector subspace Dκ ⊂ Hκ such that:1. for each (�, �) ∈ C∗ × P∗, Dκ ⊂ Dom�Xκ(�, �)� (where Dom�Xκ(�, �)� denotes the dense domainof Xκ(�, �)) and Xκ(�, �)|Dκ is essentially self-adjoint;2. ∀(�, �) ∈ C∗ × P∗, Xκ(�, �) �Dκ� ⊂ Dκ ;
3. ∀(�, �), (��, ��) ∈ C∗×P∗, ∀τ, τ� ∈ R, Xκ(τ�+ τ���, τ� + τ���)|Dκ = τ Xκ(�, �)|Dκ+τ� Xκ(��, ��)|Dκ .
Proof Let (�, �) ∈ C∗ × P∗. For any τ ∈ R, Tκ(τ�, τ�) is unitary (def. A.3.1), and Tκ(0, 0) = idHκ(def. A.3.3). Moreover, using def. A.3.2, we have, for any τ1, τ2 ∈ R :Tκ(τ1�, τ1�) Tκ(τ2�, τ2�) = Tκ�(τ1 + τ2)�, (τ1 + τ2)�� , (A.4.1)since ξ(τ1�, τ1�; τ2�, τ2�) = τ1 τ2 ξ(�, �; �, �) = 0.Let φ ∈ Hκ , (��, ��) ∈ C∗ × P∗ and ε > 0. Let φ� := Tκ(��, ��)φ. From def. A.3.4, there exists anopen neighborhood U of (��, ��) in C∗ × P∗, such that:
∀(���, ���) ∈ U, ����φ� | Tκ(���, ���)φ� − �φ��2��� < ε2 .Hence, thanks to the unitarity of Tκ(���, ���) for any (���, ���) ∈ C∗ × P∗, we get:
∀(���, ���) ∈ U, �Tκ(���, ���)φ − Tκ(��, ��)φ�2 � 2 ����φ� | Tκ(���, ���)φ� − �φ��2��� < ε . (A.4.2)
Let φ ∈ Hκ , τ� ∈ R and ε > 0. Applying the previous point with (��, ��) = (τ��, τ��), there existsε� > 0 such that:∀τ ∈ ]τ�−ε� , τ�+ε� [ , �Tκ(τ�, τ�)φ − Tκ(τ��, τ��)φ�2 < ε .Thus, τ �→ Tκ(τ�, τ�) is a strongly continuous one-parameter unitary group, so, by Stone’s theorem[23, theorem VIII.8], there exists a densely defined, self-adjoint operator Xκ(�, �) on Hκ such that,for any τ ∈ R, Tκ(τ�, τ�) = exp �� τ Xκ(�, �)�.Let �µ be a Lebesgue measure on the finite-dimensional real vector space C∗ × P∗. For any� ∈ C∞� (C∗×P∗, C) (where C∞� (C∗×P∗, C) denotes the space of smooth, complex valued, compactlysupported functions on C∗ × P∗), and any φ ∈ Hκ , we define φ {�} ∈ Hκ as:
φ {�} := �
C∗×P∗��µ(��, ��) � (��, ��) Tκ(��, ��)φ .
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As shown above (��, ��) �→ Tκ(��, ��)φ is a continuous map C∗×P∗ → Hκ , so (��, ��) �→ � (��, ��) Tκ(��, ��)φis a continuous, compactly supported map C∗ ×P∗ → Hκ , hence it is integrable on C∗ ×P∗, �µ [10,section III.1]. Therefore, φ {�} is well-defined as an element of Hκ .We define the vector subspace Dκ ⊂ Hκ as:
Dκ := Vect {φ {�} | � ∈ C∞� (C∗ × P∗, C), φ ∈ Hκ} .Let φ ∈ Hκ and ε > 0. From def. A.3.3 and eq. (A.4.2), there exists an open neighborhood U of(0, 0) in C∗ × P∗ such that:
∀(��, ��) ∈ U, �Tκ(��, ��)φ − φ�2 < ε .Let � ∈ C∞� (C∗ × P∗, C) be a bump function with:
� � 0, supp(� ) ⊂ U & �
C∗×P∗��µ � = 1 ,where supp(� ) denotes the support of � . Then, we have:
�φ − φ {�}� � �
C∗×P∗��µ(��, ��) � (��, ��) �φ − Tκ(��, ��)φ� < ε .Thus, Dκ is a dense subspace of Hκ .Let φ ∈ Hκ , � ∈ C∞� (C∗ × P∗, C) and (�, �) ∈ C∗ × P∗. We have, for any τ ∈ R:
Tκ(τ�, τ�)φ {�} = �
C∗×P∗��µ(��, ��) � (��, ��) Tκ(τ�, τ�) Tκ(��, ��)φ
= �
C∗×P∗��µ(���, ���) � (��� − τ�, ��� − τ�) ��τ ξ(�,�;���,���) Tκ(���, ���)φ ,where we have used the translation invariance of the Lebesgue measure and the fact that ∀(���, ���) ∈
C∗ × P∗, ξ(τ�, τ�; ��� − τ�, ��� − τ�) = τ ξ(�, �; ���, ���). Defining � (τ)(�,�) ∈ C∞� (C∗ × P∗, C) by:∀(��, ��) ∈ C∗ × P∗, � (τ)(�,�)(��, ��) := ��τ ξ(�,�;��,��) � (�� − τ�, �� − τ�) ,
we thus get Tκ(τ�, τ�)φ {�} = φ �� (τ)(�,�)� .We now define, for any τ ∈ R, � 1,(τ)(�,�) , � 2,(τ)(�,�) ∈ C∞� (C∗ × P∗, C) by:
∀(��, ��) ∈ C∗ × P∗, � 1,(τ)(�,�) (��, ��) := ��τ� � (τ�)(�,�)(��, ��)
����τ�=τ & � 2,(τ)(�,�) (��, ��) := ��τ� � 1,(τ�)(�,�) (��, ��)
����τ�=τ .Then, we have:∀τ ∈ R, ∀(��, ��) ∈ C∗ × P∗,
�(τ)(�,�)(��, ��) := � (τ)(�,�)(��, ��)− � (��, ��)τ − � 1,(0)(�,�) (��, ��) = 1τ
� τ
0 �τ�
� τ�
0 �τ�� � 2,(τ��)(�,�) (��, ��) .Let K := {(�� + τ�, �� + τ�) | (��, ��) ∈ supp(� ), τ ∈ [−1, 1]}. K is compact as the continuous imageof the compact supp(� )× [−1, 1] and we have:
∀τ ∈ [−1, 1] , ∀(��, ��) /∈ K, �(τ)(�,�)(��, ��) = 0 .
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Moreover, the map ��, ��; τ�� �→ � 2,(τ��)(�,�) (��, ��) is continuous on C∗×P∗×R, hence bounded on K×[−1, 1],so there exists M > 0 such that:
∀τ ∈ [−1, 1] , ∀(��, ��) ∈ C∗ × P∗, ����(τ)(�,�)(��, ��)��� � M 1K (��, ��) ,where 1K denotes the indicator function of K . So, the dominated convergence theorem yields:
limτ→0 �C∗×P∗��µ(��, ��)
����(τ)(�,�)(��, ��) Tκ(��, ��)φ��� = 0 ,
and therefore:
limτ→0
����Tκ(τ�, τ�)φ {�} − φ {�}τ − φ {�(�,�)}
���� = 0 ,
where:∀(��, ��) ∈ C∗ × P∗, �(�,�)(��, ��) := � 1,(0)(�,�) (��, ��) = � ξ(�, �; ��, ��) � (��, ��)− [T(��,��)� ] (�, �)(with T(��,��)� the differential of � at (��, ��) ).By definition of Xκ(�, �), this implies [23, theorem VIII.7]:φ {�} ∈ Dom�Xκ(�, �)� & Xκ(�, �)φ {�} = −�φ {�(�,�)} .Hence, Dκ ⊂ Dom�Xκ(�, �)�, and, since �(�,�) ∈ C∞� (C∗ × P∗, C) for any � ∈ C∞� (C∗ × P∗, C),Xκ(�, �) �Dκ� ⊂ Dκ . Next, Xκ(�, �)|Dκ is symmetric (as the restriction of a self-adjoint operator), andwe have, for φ� ∈ Dκ :
Xκ(�, �)|Dκ φ� = −� limτ→0 Tκ(τ�, τ�)φ� − φ�τ ,so: φ ∈ Ker ��Xκ(�, �)|Dκ�† ± �� ⇔
⇔ ∀φ� ∈ Dκ , −� limτ→0 �φ | Tκ(τ�, τ�)φ�� − �φ | φ��τ ∓ � �φ | φ�� = 0
⇔ ∀φ� ∈ Dκ , ��τ �φ | Tκ(τ�, τ�)φ��
����τ=0 = ∓�φ | φ��
⇔ ∀φ� ∈ Dκ , ∀τ ∈ R , ��τ� �φ | Tκ(τ��, τ��)φ��
����τ�=τ = ∓�φ | Tκ(τ�, τ�)φ��(using Tκ(τ�, τ�) �Dκ� ⊂ Dκ and eq. (A.4.1) )⇔ ∀φ� ∈ Dκ , ∀τ ∈ R , �φ | Tκ(τ�, τ�)φ�� = �∓τ �φ | φ��⇔ ∀φ� ∈ Dκ , �φ | φ�� = 0(since, for each φ� ∈ Dκ , τ �→ �φ | Tκ(τ�, τ�)φ�� is bounded, Tκ(τ�, τ�) being unitary for anyτ ∈ R).
Thus, Ker ��Xκ(�, �)|Dκ�† ± �� = D⊥κ = {0} (for Dκ is dense in Hκ), and therefore Xκ(�, �)|Dκ isessentially self-adjoint [23, theorem VIII.3].Finally, for any � ∈ C∞� (C∗ × P∗, C), (�, �), (��, ��) ∈ C∗ × P∗ and τ, τ� ∈ R, we have:
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�(τ�+τ���,τ�+τ���) = τ �(�,�) + τ� �(��,��) ,which proves point A.4.3. �
Of course, the usual Schrödinger representation is such a weakly continuous representation
of the Weyl algebra, and, in fact, the Stone-von Neumann theorem [27] , which we will recall
below (prop. A.10, following the proof given in [11, theorem 15a] ), tells us that it is the only one
(more precisely, it is the only irreducible one: an arbitrary weakly continuous representation thus
decomposes as a direct sum of independent copies of the Schrödinger representation).
Proposition A.5 Let H� := L2(C, �µ) with µ a Lebesgue measure on the finite-dimensional realvector space C. For any (�, �) ∈ C∗ × P∗, we define a unitary operator T�(�, �) by:∀φ ∈ H�, ∀� ∈ C, [T�(�, �)φ] (�) := �� �(�)+ �2 �(Ξ−1(�)) φ �� + Ξ∗,−1(�)� ,where Ξ∗ : C→ P∗ is the dual of the map Ξ and Ξ∗,−1 = (Ξ∗)−1 = �Ξ−1�∗.T� is a weakly continuous, unitary representation of C∗ × P∗.Let D� be the space of smooth, compactly supported, complex-valued functions on C. D� is adense vector subspace in H�, and, for any (�, �) ∈ C∗ × P∗, the linear operator X�(�, �) defined on
D� by:
∀φ ∈ D�, ∀� ∈ C, �X�(�, �)φ� (�) := �(�)φ(�)− � [T�φ] �Ξ∗,−1(�)� ,is essentially self-adjoint (with T�φ the differential of φ at �). Moreover, we have:∀(�, �) ∈ C∗ × P∗, D� ⊂ Dom�X�(�, �)� & X�(�, �) = X�(�, �)|D� ,where, for any (�, �) ∈ C∗ × P∗, X�(�, �) is the self-adjoint generator introduced in prop. A.4.Proof Let φ ∈ H� and (�, �) ∈ C∗ × P∗. Let φ� be given by:∀� ∈ C, φ�(�) := �� �(�)+ �2 �(Ξ−1(�)) φ �� + Ξ∗,−1(�)� .Using the translation invariance of the Lebesgue measure, we have:�
C
�µ(�) |φ�(�)|2 = �
C
�µ(��) ��φ ������2 = �φ�2 ,
hence T�(�, �) is well-defined as a linear operator H� → H� and is isometric.Moreover, we have T�(0, 0) = idH� and, for any (�1, �1), (�2, �2) ∈ C∗ × P∗:∀φ ∈ H�, ∀� ∈ C,[T�(�1, �1) T�(�2, �2)φ] (�) = �� �1(�)+ �2 �1(Ξ−1(�1)) [T�(�2, �2)φ] �� + Ξ∗,−1(�1)�= �� (�1+�2)(�)+ �2 [(�1+�2)(Ξ−1(�1+�2))−�2(Ξ−1(�1))+�1(Ξ−1(�2))] φ �� + Ξ∗,−1(�1 + �2)�= �� ξ(�1,�1; �2 ,�2) [T�(�1 + �2, �1 + �2)φ] (�) ,where we have used �2 �Ξ∗,−1(�1)� = �1 �Ξ−1(�2)�. In particular, we thus have, for any (�, �) ∈ C∗×P∗,T�(�, �) T�(−�,−�) = T�(−�,−�) T�(�, �) = idH� , so T�(�, �) is invertible, and, being isometric, it is
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a unitary operator on H� .Let φ ∈ D�, (�, �) ∈ C∗ ×P∗ and ε > 0. In particular, φ is bounded and has compact support, so:
M := �
C
�µ(�) |φ(�)| < ∞ .
Moreover, φ is also absolutely continuous, so there exists an open neighborhood U1 of 0 in C suchthat:∀� ∈ C, ∀�� ∈ U1, |φ(� + ��)− φ(�)| < ε4M + 1 .The map Ξ∗,−1 being linear on the finite-dimensional vector space P∗, it is continuous, thereforeU2 := Ξ∗ �U1� is an open neighborhood of 0 in P∗.Next, the map z : C× C∗ × P∗ → C, defined by:
∀� ∈ C, ∀(��, ��) ∈ C∗ × P∗, z(�; ��, ��) := �−�ξ(�,�; ��,��)+� ��(�)+ �2 ��(Ξ−1(��)) ,is continuous, so, for any � ∈ C, there exists an open neighborhood V� of � in C and an openneighborhood U (�)3 of (0, 0) in C∗ × P∗ such that:∀� ∈ V�, ∀(��, ��) ∈ U (�)3 , |z(�; ��, ��)− 1| < ε4 �φ�2 + 1 .Since the support supp(φ) of φ is compact, there exist � ∈ N and �1, � � � , �� ∈ C such thatsupp(φ) ⊂ ���=1 V�� . Thus, defining U3 := ���=1 U (��)3 , U3 is an open neighborhood of (0, 0) in
C∗ × P∗, and:
∀� ∈ supp(φ), ∀(��, ��) ∈ U3, |z(�; ��, ��)− 1| < ε4 �φ�2 + 1 .
Then, U4 := (C∗ × U2)∩U3 is an open neighborhood of (0, 0) in C∗×P∗, and, for any (��, ��) ∈ U4:�T�(�+ ��, � + ��)φ − T�(�, �)φ�2= 2 �φ�2 − 2 Re�φ ��� �−�ξ(�,�; ��,��) T�(��, ��)φ�
(where we have used T�(�+��, �+��) = �−�ξ(�,�; ��,��) T�(�, �) T�(��, ��) and the fact that both T�(�, �)and T�(��, ��) are unitary)
� 2 ����φ ��� �−�ξ(�,�; ��,��) T�(��, ��)φ�− �φ�2���
� 2 �
C
�µ(�) |φ(�)| ��z(�; ��, ��)φ �� + Ξ∗,−1(��)�− φ(�)��
� 2 �
C
�µ(�) |φ(�)| ��φ �� + Ξ∗,−1(��)�− φ(�)��+2 �supp(φ) �µ(�) |φ(�)|2 |z(�; ��, ��)− 1|(for ∀� ∈ C, |z(�; ��, ��)| = 1)< ε .Hence, for any φ ∈ D� , the map (�, �) �→ T�(�, �)φ is continuous C∗ × P∗ → H� .Now, the smooth, compactly supported functions are dense in H� , so for any φ, φ� ∈ H� , andany ε > 0, there exist �φ ∈ D� such that:
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�φ − �φ� < ε3 �φ��+ 1 .Next, for any (�, �) ∈ C∗�P∗, there exists an open neighborhood U5 of (�, �) in C∗�P∗ such that:
∀���, ��� ∈ U5, �T�(���, ���) �φ − T�(�, �) �φ� < ε3 �φ��+ 1 .Thus, for any ���, ��� ∈ U5 ,|�φ� | T�(���, ���)φ� − �φ� | T�(�, �)φ�| � �φ�� �2 �φ − �φ�+ �T�(���, ���) �φ − T�(�, �) �φ� � < ε(since T�(�, �) and T�(���, ���) are both unitary), which proves def. A.3.4.Let φ ∈ D� and (�, �) ∈ C∗ × P∗. For any τ ∈ R, we have [T�(τ�, τ�)φ] = φ(τ)(�,�) ∈ D�, where:
∀� ∈ C, φ(τ)(�,�)(�) := �� τ �(�)+ �2 τ2 �(Ξ−1(�)) φ �� + τ Ξ∗,−1(�)� ,and X�(�, �)φ = −�φ(�,�) ∈ D�, where:
∀� ∈ C, φ(�,�)(�) := ��τφ(τ)(�,�)(�)
����τ=0 .In particular, X�(�, �)φ belongs to H� , thus X�(�, �) is well-defined as a linear operator on D� .Moreover, like in the proof of prop. A.4, the dominated convergence theorem yields:
limτ→0 �C�µ(�)
�����φ(τ)(�,�)(�)− φ(�)τ − φ(�,�)(�)
�����
2 = 0 ,
and therefore:
limτ→0
����T�(τ�, τ�)φ − φτ − �X�(�, �)φ
���� = 0 .
Hence, we have [23, theorem VIII.7]:
φ ∈ Dom (X�(�, �)) & X�(�, �)φ = X�(�, �)φ ,so D� ⊂ Dom (X�(�, �)) and X�(�, �) = X�(�, �)|D� .Finally, using: �∀φ ∈ D�, X�(�, �)φ = −� limτ→0 T�(τ�, τ�)φ − φτ ,together with ∀τ ∈ R, T�(τ�, τ�) �D�� ⊂ D� and the density of D� in H� , we get, via the sameargument as in the proof of prop. A.4, that X� is essentially self-adjoint.
A.2 The Wigner-Weyl transform
We now come to the Wigner transform itself. The Wigner characteristic function associated to
a quantum state maps to a point (�, �) the expectation value of Tκ(�, �) in this state. In particular,
it is defined as a function on the dual space C∗ × P∗, since, as underlined above, the operators
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Tκ(�, �) are labeled by elements of the dual. Note that if we would complete the Wigner transform,
by Fourier-transforming this characteristic function, we would pass to the dual again and obtain a
quasi-probability defined on the phase space, in correct analogy with the probability distributions
considered in classical statistical physics.
Insisting on a strict distinction between M and its dual, may seems an unnecessary care in the
case of a linear space, since we could simply choose some identification between the two. However,
it allows us to keep track of the nature of the objects we are considering, and in particular of the
natural direction of their transformations under morphisms. Probability measures are naturally
push-forwarded along a projection, while functions on M should be pull-backed, but functions on
the dual, being pull-backed by the dual map, effectively flow in the same direction as probabil-
ity measures (viz. def. 2.2): thus, defining characteristic functions as a functions on the dual is
consistent with the fact that they encode the same information as probability measures.
We begin by characterizing the image of the (first half of) the Wigner transform. The positivity
condition eq. (A.6.1) reflects the requirement for density matrices to be non-negative operators and
it manifests the truly quantum nature of the Wigner quasi-probability: a similar equation for a clas-
sical characteristic function, reflecting the positivity of its associated probability distribution, would
not have the twisting phase ��ξ(�,�;��,��). In other words, eq. (A.6.1) captures the non-commutation
of the position and momentum variables (viz. prop. A.2), and it will play a central role in the
derivation of the negative result in subsection 2.2. Finally, the continuity of the Wigner charac-
teristic function expresses the fact that it comes from a density matrix on a weakly continuous
representation (this is closely related to the characterization of normal states on a W∗-algebra, see
[25, corollary III.3.11]).
Proposition A.6 A continuous function W : C∗ × P∗ → C is said of positive type if, for any ι ∈ I:�
(�,�),(��,��)∈C∗×P∗ι(��, ��) ι(�, �) ��ξ(�,�;��,��)W (� − ��, � − ��) � 0. (A.6.1)In particular, this implies:∀(�, �) ∈ C∗ × P∗, W (−�,−�) = W (�, �) & |W (�, �)| � W (0, 0) .
We denote by W the space of all continuous functions of positive type.
Proof Let (�, �) ∈ C∗ × P∗ and let λ ∈ C. Applying eq. (A.6.1) to δ(0,0) + λ δ(�,�) ∈ I yields:�1 + |λ|2� W (0, 0) + λW (�, �) + λW (−�,−�) � 0 ,
where we have used ξ(0, 0; 0, 0) = ξ(�, �; 0, 0) = ξ(0, 0; �, �) = ξ(�, �; �, �) = 0. In particular, W (0, 0)is real positive (as follows from setting λ = 0). Thus, λW (�, �)+ λW (−�,−�) is real for any λ ∈ C,so W (�, �) = W (−�,−�). Now, �1 + |λ|2� W (0, 0) + 2Re [λW (�, �)] is positive for any λ ∈ C,hence |W (�, �)| � W (0, 0). �
Proposition A.7 Let Hκ, Tκ be as in def. A.3 and let ρ be a traceclass, (self-adjoint) positivesemi-definite operator on Hκ . The map Wρ : C∗ × P∗ → C, defined by:∀(�, �) ∈ C∗ × P∗, Wρ(�, �) := TrHκ �ρ Tκ(�, �)� ,
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is a continuous function of positive type.
Proof For any (�, �) ∈ C∗×P∗, Tκ(�, �) is a bounded operator, hence ρ Tκ(�, �) is traceclass, thereforeWρ is well-defined. From the spectral theorem, there exist N ∈ N ∪ {∞}, an orthonormal family(φk )k�N in Hκ and a family of non-negative reals (�k )k�N such that:ρ =�k�N �k |φk � � φk| &
�
k�N �k = TrHκ ρ.Let (�, �) ∈ C∗ × P∗ and ε > 0. Let K ∈ N with K � N such that:�
K<k�N �k < ε3 .From def. A.3.4, the map (�, �) �→ �φk | Tκ(�, �)φk� is continuous for every k � K . Hence, for eachk � K , there exists an open neighborhood Uk of (�, �) in C∗ × P∗ such that:
∀(��, ��) ∈ Uk , �� �φk | Tκ(��, ��)φk� − �φk | Tκ(�, �)φk� �� < ε3 TrHκ ρ+ 1 .Since K is finite, U := �k�K Uk is an open neighborhood of (�, �) in C∗ ×P∗ and, for any (��, ��) ∈ U ,we have:|Wρ(��, ��)−Wρ(�, �)| ��k�N �k �� �φk | Tκ(��, ��)φk� − �φk | Tκ(�, �)φk� ��
� 2 �K<k�N �k +
�
k�K �k �� �φk | Tκ(��, ��)φk� − �φk | Tκ(�, �)φk� ��< 2 ε3 +�k�K �k ε3 TrHκ ρ+ 1 � ε ,where we have used that Tκ(�, �) and Tκ(��, ��) are unitary operators and each φk for k � N isa normalized vector, hence |�φk | Tκ(�, �)φk�| � 1 and |�φk | Tκ(��, ��)φk�| � 1. Thus, Wρ is acontinuous function C∗ × P∗ → C.Let ι ∈ I. We have:�
(�,�),(��,��)∈C∗×P∗ι(��, ��) ι(�, �) ��ξ(�,�;��,��)Wρ(� − ��, � − ��) =
�
(���,���)∈C∗×P∗[ι∗ � ι] (���, ���)Wρ(���, ���)=TrHκ [ρ Tκ {ι∗ � ι}](where Tκ {ι�} has been defined for ι� ∈ I in def. A.3, as a finite linear combination of unitaryoperators belonging to Tκ �C∗ × P∗� ) =�k�N �k
�φk ��� Tκ {ι}† Tκ {ι} φk� � 0.
Therefore, Wρ fulfills eq. (A.6.1). �
Like its classical analogue, the Wigner characteristic function is related to the moment-generating
function (precisely, the latter, when it exists, is the restriction to the complex axis of the analytical
expansion of the former). In particular, a quantum state exhibits finite variances for the elementary
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observables Xκ(�, �) if its characteristic function is twice-differentiable at 0, and the covariance
matrix can then be recovered from the corresponding Hessian.
Proposition A.8 Let Hκ, Tκ, ρ and Wρ be as in prop. A.7. We moreover assume that there exist alinear form W (1)ρ and a symmetric bilinear form W (2)ρ on C∗ × P∗ such that:
∀(�, �) ∈ C∗ × P∗, Wρ(τ�, τ�) = Wρ(0, 0) + � τ W (1)ρ (�, �)− τ22 W (2)ρ (�, �; �, �) + �(τ2) . (A.8.1)Then, for any (�, �), (��, ��) ∈ C∗ ×P∗, the operators ρXκ(�, �) (densely defined on Dom�Xκ(�, �)�)and Xκ (�,�) ρXκ (��,��)+Xκ (��,��) ρXκ (�,�)2 (which can be defined at least as a sesquilinear form on the densesubset Dκ ⊂ Hκ ) admit a traceclass extension on Hκ , with:
TrHκ ρXκ(�, �) = W (1)ρ (�, �) & TrHκ Xκ(�, �) ρXκ(��, ��) + Xκ(��, ��) ρXκ(�, �)2 = W (2)ρ (�, �; ��, ��) .
Proof Let (�, �) ∈ C∗ × P∗. For any τ �= 0, we define:
Y(τ)κ (�, �) := 2 idHκ − Tκ(τ�, τ�)− Tκ(τ�, τ�)†τ2 .Since Tκ(τ�, τ�) is a unitary operator, Y(τ)κ (�, �) is a bounded, (self-adjoint) positive semi-definiteoperator on Hκ . Using Tκ(0, 0) = idHκ and Tκ(τ�, τ�)† = Tκ(−τ�,−τ�), we get:
TrHκ ρ Y(τ)κ (�, �) = 2Wρ(0, 0)−Wρ(τ�, τ�)−Wρ(−τ�,−τ�)τ2 .Hence, eq. (A.8.1) implies:limτ→0 TrHκ ρ Y(τ)κ (�, �) = W (2)ρ (�, �; �, �) .Let τ1 > 0 such that:∀τ ∈ ]0, τ1[ , TrHκ ρ Y(τ)κ (�, �) � W (2)ρ (�, �; �, �) + 1 =: A .Applying the spectral theorem to the self-adjoint operator Xκ(�, �), we denote by �Πκ(�, �) itsprojection-valued measure, with:
Xκ(�, �) = � +∞−∞ σ �Πκ(�, �)[σ ] .Then, for any τ �= 0, we have, using Tκ(τ�, τ�) = exp (� τ Xκ(�, �)) :
Y(τ)κ (�, �) := 2τ2
� +∞
−∞ [1− cos(τσ )] �Πκ(�, �)[σ ] .There exists ε > 0 such that:
∀� ∈ ]−ε, ε[ , 1− cos(�) > �24 ,hence, for any τ �= 0, the operator:
38
Y(τ)κ (�, �)− 2τ2
� ε/τ
−ε/τ
(τσ )24 �Πκ(�, �)[σ ] ,is a bounded, (self-adjoint) positive semi-definite operator on Hκ . Defining, for any B � B� ∈ R,the spectral projector Π[B,B� ]κ (�, �) := � B�B �Πκ(�, �)[σ ] , we thus have:∀B > ετ1 , TrHκ ρΠ[−B,B]κ (�, �) Xκ(�, �)2 Π[−B,B]κ (�, �) � 2A . (A.8.2)Now, from the spectral theorem, there exist N ∈ N∪ {∞}, an orthonormal family (φk )k�N in Hκand a family of strictly positive reals (�k )k�N such that:ρ =�k�N �k |φk � � φk| &
�
k�N �k = TrHκ ρ .For each k � N and each B � 0, we have:�φk �� Π[−B,B]κ (�, �) Xκ(�, �)2 Π[−B,B]κ (�, �)φk� = ��Xκ(�, �) Π[−B,B]κ (�, �)φk��2 � 0,so, for any B > ε/τ1 and any k � N ,��Xκ(�, �) Π[−B,B]κ (�, �)φk��2 � 2A�k .Therefore, φk ∈ Dom�Xκ(�, �)�. Moreover, we have [23, theorem VIII.7]:
limτ→0 Tκ(τ�, τ�)φk − φkτ = �Xκ(�, �)φk ,hence, we get:
limτ→0 �φk �� Y(τ)κ (�, �)φk� = limτ→0
����Tκ(τ�, τ�)φk − φkτ
����2 = �Xκ(�, �)φk�2 .
Fatou’s lemma then yields:�
k�N �k �Xκ(�, �)φk�2 � lim infτ→0
�
k�N �k �φk �� Y(τ)κ (�, �)φk� = W (2)ρ (�, �; �, �) .Next, this provides the bound:�
k�N �k �φk� �Xκ(�, �)φk� �
�W (2)ρ (�, �; �, �) TrHκ ρ ,
where we have used �φk� = 1 and the Cauchy-Schwarz inequality (with �k�N �k = TrHκ ρ).Hence, we can define a bounded operator {ρXκ(�, �)} on Hκ by:{ρXκ(�, �)} :=�k�N �k |φk � � Xκ(�, �)φk| ,and this operator coincides with ρXκ(�, �) on Dom�Xκ(�, �)�, since Xκ(�, �) is self-adjoint. In addition,we have:�� {ρXκ(�, �)} ��1 ��k�N �k �� |φk � � Xκ(�, �)φk|��1 =
�
k�N �k �φk� �Xκ(�, �)φk� < ∞ ,
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where � · �1 denotes the trace norm [23, theorem VI.20], so {ρXκ(�, �)} is traceclass. Its trace isgiven by:
TrHκ {ρXκ(�, �)} =�k�N �k �Xκ(�, �)φk | φk� =
�
k�N �k �φk | Xκ(�, �)φk� .Now, from:∀� ∈ R, ����� − 1�� � |�| ,together with the spectral decomposition of Xκ(�, �), we get, for any τ �= 0:����Tκ(τ�, τ�)φk − φkτ
���� � �Xκ(�, �)φk� .
Thus, the dominated convergence theorem yields:
� �k�N �k �φk | Xκ(�, �)φk� =
�
k�N �k limτ→0
�φk ���� Tκ(τ�, τ�)φk − φkτ
�
= limτ→0 �k�N �k
�φk ���� Tκ(τ�, τ�)φk − φkτ
� ,
which can be rewritten, using eq. (A.8.1), as:TrHκ {ρXκ(�, �)} = W (1)ρ (�, �) .(note that Wρ(0, 0) = TrHκ ρ for Tκ(0, 0) = idHκ ).Similarly, the inequality:�
k�N �k �Xκ(�, �)φk�2 � W (2)ρ (�, �; �, �) < ∞ ,ensures that we can define a traceclass operator {Xκ(�, �) ρXκ(�, �)} on Hκ by:{Xκ(�, �) ρXκ(�, �)} :=�k�N �k |Xκ(�, �)φk � � Xκ(�, �)φk| ,and we have:∀φ�, φ�� ∈ Dom�Xκ(�, �)�, �φ�� | {Xκ(�, �) ρXκ(�, �)} φ�� = �Xκ(�, �)φ�� | ρXκ(�, �)φ�� .Moreover, using again the dominated convergence theorem, with:
∀τ �= 0, �φk �� Y(τ)κ (�, �)φk� = ����Tκ(τ�, τ�)φk − φkτ
����2 � �Xκ(�, �)φk�2 ,
we get:TrHκ {Xκ(�, �) ρXκ(�, �)} = limτ→0 TrHκ ρ Y(τ)κ (�, �) = W (2)ρ (�, �; �, �) .Finally, for any (�, �), (��, ��) ∈ C∗ × P∗, we have, thanks to prop. A.4.3:∀φ, φ� ∈ Dκ , �Xκ(�, �)φ�� | ρXκ(��, ��)φ��+ �Xκ(��, ��)φ�� | ρXκ(�, �)φ�� == �φ�� | {Xκ(�+ ��, � + ��) ρXκ(�+ ��, � + ��)} φ��+−�φ�� | {Xκ(�, �) ρXκ(�, �)} φ�� − �φ�� | {Xκ(��, ��) ρXκ(��, ��)} φ�� .
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Hence, {Xκ (�+��,�+��) ρXκ (�+��,�+��)}−{Xκ (�,�) ρXκ (�,�)}−{Xκ (��,��) ρXκ (��,��)}2 provides a traceclass extension of thesesquilinear form Xκ (�,�) ρXκ (��,��)+Xκ (��,��) ρXκ (�,�)2 on Dκ and its trace is given by:TrHκ {Xκ (�+��,�+��) ρXκ (�+��,�+��)}−{Xκ (�,�) ρXκ (�,�)}−{Xκ (��,��) ρXκ (��,��)}2 = W (2)ρ (�, �; ��, ��) .
�
As a first step toward recovering the density matrix from its Wigner characteristic function, we
observe that the positivity condition eq. (A.6.1) is exactly what we need to turn a function on C∗×P∗
into a state (aka. a normalized positive linear functional, see [7, part III, def. 2.2.8] ) on the Weyl
algebra. Then, from any state we can reconstruct a representation of the algebra, via the GNS
construction [5] , and the continuity of the characteristic function ensures that this representation
will be weakly continuous.
Proposition A.9 Let W ∈ W. Then, there exist a weakly continuous, unitary representation
HW , TW of C∗ × P∗ and a vector ζW ∈ HW such that:
1. HW = Vect {TW (�, �) ζW | (�, �) ∈ C∗ × P∗} (ie. ζW is a cyclic vector for HW , TW );
2. ∀(�, �) ∈ C∗ × P∗, W (�, �) = �ζW | TW (�, �) ζW�HW .
Proof Let ι1, ι2 ∈ I . We define:�ι1 | ι2�W := �(�,�)∈C∗×P∗(ι∗1 � ι2)(�, �)W (�, �) .This is well defined, for the sum has only finitely many non-zero contributions (ι∗1 � ι2 ∈ I),and eq. (A.6.1) ensures that � · | · �W provides an Hermitian, positive semi-definite sesquilinearform on the complex vector space I (the hermiticity comes from (ι∗1 � ι2)∗ = ι∗2 � ι1 together with∀(�, �) ∈ C∗ × P∗, W (−�,−�) = W (�, �), as was proven in prop. A.6).Let NW := {υ ∈ I | �υ | υ�W = 0}. For any ι ∈ I and any υ ∈ NW , we have:∀λ ∈ C, �ι | ι�+ 2Re�λ �ι | υ� � = �ι+ λ υ | ι+ λ υ�W � 0 ,therefore �ι | υ� = 0. Hence, for any ι1, ι2 ∈ I and any υ1, υ2 ∈ NW :�ι1 + υ1 | ι2 + υ2�W = �ι1 | ι2�W ,so � · | · �W induces an inner product on the quotient I/NW . We denote by HW the completion of
I/NW with respect to the corresponding norm.Let (�, �) ∈ C∗ × P∗. For any ι1, ι2 ∈ I , we have:�δ(�,�) � ι1 | δ(�,�) � ι2�W = �ι1 | ι2�W(for (δ(�,�) � ι1)∗ � (δ(�,�) � ι2) = ι∗1 � (δ(−�,−�) � δ(�,�)) � ι2 = ι∗1 � ι2 ), so in particular [δ(�,�) � · ] �NW� ⊂ NW ,and δ(�,�) � · induces a unitary operator TW (�, �) on HW . Then, def. A.3.2 and A.3.3 come from:∀(�1, �1), (�2, �2) ∈ C∗ × P∗, δ(�1,�1) � δ(�2,�2) = ��ξ(�1,�1;�2 ,�2) δ(�1+�2, �1+�2) ,and from the fact that δ(0,0) is the unit of the ∗-algebra I.Let ι1 , ι2 ∈ I. For any (�, �) ∈ C∗ × P∗, we have:
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�ι1 | δ(�,�) � ι2�W = �(�1,�1),(�2,�2)∈C∗×P∗
��ξ(�2,�2;�1,�1)+�ξ(�,�;�1+�2,�1+�2) ι1(�1, �1) ι2(�2, �2)W (�+ �2 − �1, � + �2 − �1) .
Thus, the map (�, �) �→ �ι1 | δ(�,�) � ι2�W is a finite linear combination of translations of W , and thoseare continuous by definition of W. So, for any �ι1, �ι2 ∈ I/NW , the map (�, �) �→ ��ι1 | TW (�, �) �ι2�HWis continuous. Now, I/NW being dense in HW , there exist, for any φ1, φ2 ∈ HW and any ε > 0,�ι1, �ι2 ∈ I/NW such that:
�φ1 − �ι1�HW < ε6 �φ2�HW +√6ε & �φ2 − �ι2�HW < ε6 �φ1�HW +√6ε .Next, for any (�, �) ∈ C∗ × P∗, there exists an open neighborhood U of (�, �) in C∗ × P∗ such that:
∀(��, ��) ∈ U, ����ι1 | TW (��, ��) �ι2�HW − ��ι1 | TW (�, �) �ι2�HW �� < ε3 .Hence, for any (��, ��) ∈ U , we have:|�φ1 | TW (��, ��)φ2� − �φ1 | TW (�, �)φ2�| < ε ,where we have used that TW (�, �) and TW (��, ��) are unitary. This proves def. A.3.4.Finally, we define ζW to be the equivalence class of δ(0,0) in I/NW . For any (�, �) ∈ C∗ × P∗,we have δ(�,�) � δ(0,0) = δ(�,�), so TW (�, �) ζW is the equivalence class of δ(�,�) in I/NW . But since
I = Vect {δ(�,�) | (�, �) ∈ C∗ × P∗}, we have:
I/NW = Vect {TW (�, �) ζW | (�, �) ∈ C∗ × P∗} ,which proves point A.9.1. Moreover, we also have:�ζW | TW (�, �) ζW�HW = �δ(0,0) | δ(�,�)�W = W (�, �) ,which proves point A.9.2. �
Finally, the invertibility of Wigner transform can be seen as a consequence of the Stone-von
Neumann theorem [27] (which we implicitly prove below, following closely [11, theorem 15a] ). In-
deed, the Schrödinger representation being the unique irreducible, weakly continuous representation
of the Weyl algebra, the Hilbert space HW constructed from W above can be written as a direct
sum of independent copies of H� . Projecting the vector ζW representing W in HW on each of
these copies, we obtain a collection of vectors in H� , and we can reconstruct a density matrix
on H� as the statistical superposition of the corresponding pure states (this is consistent with the
general result that a state is pure if and only if its GNS representation is irreducible, see [7, part
III, theorem 2.2.17] ).
Proposition A.10 Let W ∈ W. Then, there exists a unique traceclass, (self-adjoint) positivesemi-definite operator ρ on H� such that W = Wρ (with Wρ defined as in prop. A.7).
Lemma A.11 Let ( · | · ) be a real inner product on C. Using the resulting identification of C∗ with
C and identifying P∗ with C through the dual map Ξ∗, we are provided with a corresponding realinner product on C∗ × P∗, which we will denote by ( · , · | · , · ). Let �µ be the Lebesgue measureon C∗ × P∗ normalized with respect to this Euclidean structure. We define a map Ψ on C∗ × P∗
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through:
∀(�, �) ∈ C∗ × P∗, Ψ(�, �) := 1α exp
�− (�, � | �, �)4
� ,
where α := �
C∗×P∗��µ(�, �) exp �− (�,� | �,�)2 � .Let W be a bounded, continuous function on C∗ × P∗ such that:
∀(��, ��), (�1, �1) ∈ C∗ × P∗, �
C∗×P∗��µ(�, �) Ψ(�, �) �� ξ(�,�;�1,�1)W (�� + �, �� + �) = 0 . (A.11.1)Then, W ≡ 0.Proof Let (��)�∈{1,���,�} be an orthonormal basis of C, ( · , · ) , let (��)�∈{1,���,�} be the corresponding dualbasis in C∗ and let (��)�∈{1,���,�} be the basis in P∗ given by:∀� ∈ {1, � � � , �} , �� := Ξ∗(��) .For any (�, �) ∈ C∗ × P∗, we will write � =: �� �� and � =: �� �� (with implicit summation). Inparticular, we then have:
∀(�, �), (��, ��) ∈ C∗ × P∗, ξ(�, �; ��, ��) = �� �� � − �� �� �2 & ��, � | ��, ��� = �� �� � + �� �� � ,as well as ��µ(�, �) = ��1 � � � ��� ��1 � � � ��� . Therefore, α = (2π)�.Now, for any β > 0 and any (��, ��) ∈ C∗ × P∗, we have:�
C∗×P∗��µ(�1, �1)
�
C∗×P∗��µ(�, �)
���Ψ(β�1, β�1) Ψ(�, �) ��ξ(�,�;�1,�1)W (�� + �, �� + �) ���
�
� 2β
�2� �W�∞ < ∞ ,
where �W�∞ is the sup norm of the bounded function W . Thus, Fubini’s theorem, together witheq. (A.11.1) yields:
0 = �
C∗×P∗��µ(�, �) Ψ(�, �)W (�� + �, �� + �)
�
C∗×P∗��µ(�1, �1)Ψ(β�1, β�1) ��ξ(�,�;�1,�1) .Performing the Gaussian integration, we get:
0 = �
C∗×P∗��µ(�, �)
�γ2 − 1π
�� exp�−γ24 (�, � | �, �)
� W (�� + �, �� + �) ,
where γ := �1 + 1/β2 .Let ε > 0. There exists A > 0 such that:� ∞
A ���2�−1 �−�24 < ε4 �W�∞ + 1
� ∞
0 ���2�−1 �−�24 .W being continuous, there also exists δ ∈ ] 0, A [ such that:
∀(�, �) ∈ C∗ × P∗� (�, � | �, �) � δ2, |W (�� + �, �� + �)−W (��, ��)| < ε2 .
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Hence, applying the previous equality with β = δ√A2 − δ2 , we have:
|W (��, ��)| �
C∗×P∗��µ(�, �) �−γ24 (�,� | �,�) =
= �����
C∗×P∗��µ(�, �) �−γ24 (�,� | �,�) [W (�� + �, �� + �)−W (��, ��)]
����
< ε2
�
(�,� | �,�)�δ2��µ(�, �) �−γ24 (�,� | �,�) + 2 �W�∞
�
(�,� | �,�)�δ2��µ(�, �) �−γ24 (�,� | �,�) .Changing to spherical coordinates and dropping an overall constant, this can be rewritten as:
|W (��, ��)| � ∞0 ���2�−1 �−�24 < ε2
� γδ
0 ���2�−1 �−�24 + 2 �W�∞
� ∞
γδ ���2�−1 �−�24
< ε � ∞0 ���2�−1 �−�24 .where we have used that γδ = A. Thus, we have, for any (��, ��) ∈ C∗ × P∗ and any ε > 0,|W (��, ��)| < ε, and therefore W ≡ 0. �Proof of prop. A.10 Existence. Let W ∈ W and let HW , TW be the weakly continuous, unitaryrepresentation introduced in prop. A.9, with cyclic vector ζW . For any φ, φ� ∈ HW , the map(�, �) �→ Ψ(�, �) �φ� | TW (�, �)φ�HW is continuous, hence measurable, and we have:�
C∗×P∗��µ(�, �) ��Ψ(�, �) �φ� | TW (�, �)φ�HW �� � 2� �φ��HW �φ�HW < ∞ .Hence, there exists a bounded operator TW {Ψ} on HW such that, for any φ, φ� ∈ HW :
�φ� | TW {Ψ} φ�HW := �
C∗×P∗��µ(�, �) Ψ(�, �) �φ� | TW (�, �)φ�HW .In particular, TW {Ψ} is symmetric (since, for any (�, �) ∈ C∗ × P∗, Ψ(�, �) = Ψ(�, �) = Ψ(−�,−�)and TW (�, �)† = TW (−�,−�)). Being bounded, it is therefore self-adjoint.Now, for any (�1, �1) ∈ C∗ × P∗ and any φ, φ� ∈ HW , we have:�φ� �� �TW {Ψ} TW (�1, �1)�φ�HW = �φ� �� TW {Ψ} �TW (�1, �1)φ��HW= �
C∗×P∗��µ(�, �) Ψ(�, �) �φ� | TW (�, �) TW (�1, �1)φ�HW
= �
C∗×P∗��µ(�, �) Ψ(�, �) ��ξ(�,�;�1,�1) �φ� | TW (�+ �1, � + �1)φ�HW
= �
C∗×P∗��µ(�, �) Ψ(� − �1, � − �1) ��ξ(�,�;�1,�1) �φ� | TW (�, �)φ�HW ,where we have used def. A.3.2 and ∀(�, �) ∈ C∗ × P∗, ξ(� − �1, � − �1; �1, �1) = ξ(�, �; �1, �1). SinceTW {Ψ}† = TW {Ψ} and TW (�1, �1)† = TW (−�1, −�1), we also have:�φ� �� �TW (�1, �1) TW {Ψ} �φ�HW = �
C∗×P∗��µ(�, �) Ψ(�−�1, �−�1) �−�ξ(�,�;�1,�1) �φ� | TW (�, �)φ�HW .
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Applying these two formulas successively, we get, for any (�1, �1) ∈ C∗×P∗ and any φ, φ� ∈ HW :�φ� �� �TW {Ψ} TW (�1, �1) TW {Ψ} �φ� == �φ� �� TW {Ψ} TW (�1, �1) �TW {Ψ} φ��
= �
C∗×P∗��µ(�, �) Ψ(� − �1, � − �1) ��ξ(�,�;�1,�1) �φ� | TW (�, �) TW {Ψ} φ�HW
= �
C∗×P∗��µ(�, �)
�
C∗×P∗��µ(��, ��) Ψ(�−�1, �−�1) Ψ(��−�, ��−�) ��ξ(�,�;�1+��,�1+��) �φ� | TW (��, ��)φ�HW .Invoking Fubini’s theorem and performing the Gaussian integration, like in the proof of lemma A.11,we obtain:�φ� �� �TW {Ψ} TW (�1, �1) TW {Ψ} �φ� =
= �
C∗×P∗��µ(��, ��) exp
�− (�1, �1 | �1, �1)4
� Ψ(��, ��) �φ� | TW (��, ��)φ�HW
= exp�− (�1, �1 | �1, �1)4
� �φ� | TW {Ψ} φ�HW .
Since this holds for any φ, φ� ∈ HW , we have:
∀(�, �) ∈ C∗ × P∗, TW {Ψ} TW (�, �) TW {Ψ} = exp�− (�, � | �, �)4
� TW {Ψ} . (A.10.1)
In particular, applying with (�, �) = (0, 0), and using that TW (0, 0) = idHW , this implies:TW {Ψ} TW {Ψ} = TW {Ψ} .TW {Ψ} being idempotent and self-adjoint, it is an orthogonal projection.Next, we define ψ� ∈ H� by:
∀� ∈ C, ψ�(�) = 1π�/4 exp
�− (� | �)2
�
(choosing the Lebesgue measure µ, entering the definition of H� in prop. A.5, to be normalizedwith respect to the scalar product ( · | · ) on C; this normalization can be chosen without lossof generality since the Hilbert spaces obtained using different normalizations of µ are unitarilyidentified in a natural way through a corresponding renormalization of the wave-functions). Wecan check that, for any (�, �) ∈ C∗ × P∗:
�ψ� | T�(�, �)ψ��H� = exp�− (�, � | �, �)4
� . (A.10.2)
Let �ψ(�)W �� be an orthonormal basis of the image of TW {Ψ}. Then, for any �, � and any(�, �), (��, ��) ∈ C∗ × P∗, we have, using the hermiticity and idempotence of TW {Ψ} together withthe properties of the representations TW and T� :�TW (��, ��)ψ(�)W ��� TW (�, �)ψ(�)W �
HW == �TW {Ψ} ψ(�)W ��� TW (−��,−��) TW (�, �) TW {Ψ} ψ(�)W �
HW
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= ��ξ(�,�;��,��) �ψ(�)W ��� TW {Ψ} TW (� − ��, � − ��) TW {Ψ} ψ(�)W �
HW= ��ξ(�,�;��,��) �ψ� | T�(� − ��, � − ��)ψ��H� �ψ(�)W ��� TW {Ψ} ψ(�)W �HW(combining eqs. (A.10.1) and (A.10.2))= δ�� �T�(��, ��)ψ� | T�(�, �)ψ��H� .
For any �, we define H(�)W := Vect �TW (�, �)ψ(�)W ��� (�, �) ∈ C∗ × P∗�. Each H(�)W is thus stableunder TW �C∗ × P∗�. The previous computation shows that the H(�)W are mutually orthogonal andthat there exists, for each �, an isometric injection I (�) : H(�)W → H� such that:∀ι ∈ I, I(�) �TW {ι} ψ(�)W � = T� {ι} ψ� .Then, using that:∀ι1, ι2 ∈ I, TW {ι1} TW {ι2} = TW {ι1 � ι2} & T� {ι1} T� {ι2} = T� {ι1 � ι2} ,
together with the density of �TW {ι} ψ(�)W ��� ι ∈ I� = Vect �TW (�, �)ψ(�)W ��� (�, �) ∈ C∗ × P∗� inH(�)W ,we get:∀ι ∈ I, I(�) TW {ι} = T� {ι} I(�) .Now, we define:
HrestW := ��� H(�)W
�⊥ ,
so that:
HW = HrestW ⊕�� H(�)W(as can be seen as a consequence of Riesz lemma). Since each H(�)W is stable under TW �C∗ × P∗�,so is HrestW . Next, we write:
ζW = ζ restW +��� ζ (�)W
� ,
with ζ restW ∈ HrestW and ∀�, ζ (�)W ∈ H(�)W . In particular, we have:
�ζW�2 = ��ζ restW ��2 +��
���ζ (�)W ���2 ,
so there can be only countably many non-zero ζ (�)W (actually, the cyclicity of ζW together with thestability of each H(�)W requires all ζ (�)W to be non-zero, so this even implies that � takes value in acountable set). Using prop. A.9.2, we have:∀(�, �) ∈ C∗ × P∗, W (�, �) = �ζW | TW (�, �) ζW�HW
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= �ζ restW �� TW (�, �) ζ restW �HW +��
�ζ (�)W ��� TW (�, �) ζ (�)W �
HW .
Thus, defining ζ (�)� := I(�) ζ (�)W ∈ H� for each �, the isometric and intertwining properties of I (�)yield:
∀(�, �) ∈ C∗ × P∗, W (�, �) = �ζ restW �� TW (�, �) ζ restW �HW +�� �ζ (�)� �� T�(�, �) ζ (�)� �H� .The bound:�
�
��ζ (�)� ��2H� =��
���ζ (�)W ���2
HW � �ζW�2 < ∞ ,
allows us to define a traceclass, (self-adjoint) positive semi-definite operator ρ on H� by:ρ :=�� ��ζ (�)� � � ζ (�)� �� .Then, we get:∀(�, �) ∈ C∗ × P∗, W (�, �) = W rest(�, �) + TrH� [ρ T�(�, �)] = W rest(�, �) +Wρ(�, �) ,where, for any (�, �) ∈ C∗ × P∗, W rest(�, �) := �ζ restW �� TW (�, �) ζ restW �HW .TW being a weakly continuous, unitary representation of C∗ × P∗ on HW , the function W restis continuous C∗ × P∗ → C and it is bounded by ��ζ restW ��2HW . Now, for any (��, ��) ∈ C∗ × P∗,TW (��, ��) ζ restW ∈ HrestW , so it is in particular orthogonal to each ψ(�)W , as ψ(�)W ∈ H(�)W . But since�ψ(�)W �� is an orthonormal basis of the image of the orthogonal projection TW {Ψ} , this implies:∀(��, ��) ∈ C∗ × P∗, TW {Ψ} TW (��, ��) ζ restW = 0 ,and therefore:∀(��, ��), (���, ���) ∈ C∗ × P∗, �TW (���, ���) ζ restW �� TW {Ψ} TW (��, ��) ζ restW �HW = 0 .On the other hand, we have, for any φ�, φ�� ∈ HW :∀(��, ��), (���, ���) ∈ C∗ × P∗, �TW (���, ���)φ�� | TW {Ψ} TW (��, ��)φ��HW == �
C∗×P∗��µ(�, �) Ψ(�, �) �TW (���, ���)φ�� | TW (�, �) TW (��, ��)φ��HW
= �
C∗×P∗��µ(�, �) Ψ(�, �) �−�ξ(���,���;�,�) ��ξ(�−���,�−���;��,��) �φ�� | TW (�+ �� − ���, � + �� − ���)φ��HW
= �−�ξ(���,���;��,��) �
C∗×P∗��µ(�, �) Ψ(�, �) ��ξ(�,�;��+���,��+���) �φ�� | TW (�+ �� − ���, � + �� − ���)φ��HW .Thus, we have:
∀(��, ��), (�1, �1) ∈ C∗ × P∗, �
C∗×P∗��µ(�, �) Ψ(�, �) ��ξ(�,�;�1,�1)W rest(�+ ��, � + ��) = 0 ,so, from lemma A.11, W rest ≡ 0, hence W = Wρ .
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Uniqueness. Let ρ1 , ρ2 be two traceclass, (self-adjoint) positive semi-definite operators on H� suchthat Wρ1 = Wρ2 . Like above, we define a bounded linear operator T� {Ψ} on H� satisfying, forany φ1, φ2 ∈ H�:
�φ1 | T� {Ψ} φ2�H� := �
C∗×P∗��µ(�, �) Ψ(�, �) �φ1 | T�(�, �)φ2�H� .Using the bases introduced in the proof of lemma A.11 together with the expression for T�(�, �) fromprop. A.5, this can be rewritten as:�φ1 | T� {Ψ} φ2�H� =
= 1(2π)�
� ��1 � � � ��� ��1 � � � ��� � ��11 � � � ���1 φ1(��1 ��)φ2�(��1 + ��) ���×
× exp�−�� �� + �� ��4
� exp�� �� ��1 + �2 �� ��
�
= 1(2π)�
� ��11 � � � ���1 ��1 � � � ��� φ1(��1 ��)φ2�(��1 + ��) ��� exp�−�� ��4
�×
×� ��1 � � � ��� exp�−�� ��4 + � �� ��1 + �2 �� ��
�
(using Fubini’s theorem as the integral is absolutely convergent)
= 1√π�
� ��11 � � � ���1 ��1 � � � ��� φ1(��1 ��)φ2�(��1 + ��) ��� exp�−�� ��4
�×
× exp�− (2��1 + ��) (2��1 + ��)4
�
= 1√π�
� ��11 � � � ���1 ��12 � � � ���2 φ1(��1 ��)φ2(��2 ��) exp�−��1 ��1 + ��2 ��22
�
(with the change of variables ��2 := ��1 + ��)= �φ1 | ψ��H� �ψ� | φ2�H� .Since this holds for any φ1, φ2 ∈ H� , we have T� {Ψ} = |ψ� � � ψ�| .Now, from the spectral theorem, there exist N1 ∈ N∪ {∞}, an orthonormal family �φ(1)k �k<N1 in
H� and a family of strictly positive reals ��(1)k �k<N1 such that:ρ1 = �k<N1 �(1)k
���φ(1)k � � φ(1)k ��� & �k<N1 �(1)k = TrH� ρ1 .Thus, we get, for any (�1, �1), (�2, �2) ∈ C∗ × P∗:�T�(�1, �1)ψ� | ρ1 T�(�2, �2)ψ��H� == �k<N1 �(1)k
�T�(�1, �1)ψ� ��� φ(1)k � �φ(1)k ��� T�(�2, �2)ψ��
H�
= �k<N1 �(1)k
�φ(1)k ��� T�(�2, �2) T� {Ψ} T�(−�1, −�1)φ(1)k �
H�
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= �k<N1 �(1)k
�
C∗×P∗��µ(�, �) Ψ(�, �) �−�ξ(�,�; �1+�2,�1+�2)+�ξ(�1,�1; �2,�2) �φ(1)k
��� T�(�+ �2−�1 , � + �2−�1 )φ(1)k �
H�
= �
C∗×P∗��µ(�, �) Ψ(�, �) �−�ξ(�,�; �1+�2,�1+�2)+�ξ(�1,�1; �2,�2) �k<N1 �(1)k
�φ(1)k ��� T�(�+ �2−�1 , � + �2−�1 )φ(1)k �
H�(using Fubini’s theorem with the discrete measure on {k < N})
= �
C∗×P∗��µ(�, �) Ψ(�, �) �−�ξ(�,�; �1+�2,�1+�2)+�ξ(�1,�1; �2,�2) TrH� [ρ1 T�(�+ �2−�1 , � + �2−�1 )]
= ��ξ(�1,�1; �2,�2) �
C∗×P∗��µ(�, �) Ψ(�, �) �−�ξ(�,�; �1+�2,�1+�2)Wρ1 (�+ �2−�1 , � + �2−�1 ) .As the same holds for ρ2, Wρ1 = Wρ2 implies:∀φ, φ� ∈ H(0)� , �φ� | ρ1 φ�H� = �φ� | ρ2 φ�H� ,where H(0)� := Vect {T�(�, �)ψ� | (�, �) ∈ C∗ × P∗} .Finally, let φ ∈ �H(0)� �⊥. Like above, we then have, for any (��, ��), (���, ���) ∈ C∗ × P∗:0 = �T�(���, ���)ψ� | φ�H� �φ | T�(��, ��)ψ��H�= �−�ξ(��,��; ���,���) �
C∗×P∗��µ(�, �) Ψ(�, �) �−�ξ(�,�; ��+���,��+���) �φ | T�(�+ �� − ���, � + �� − ���)φ�H� ,so applying lemma A.11 to the bounded, continuous function (�, �) �→ �φ | T�(�, �)φ�H� yields:∀(�, �) ∈ C∗ × P∗, �φ | T�(�, �)φ�H� = 0,and in particular �φ�2 = �φ | T�(0, 0)φ�H� = 0, so φ = 0. Hence, H(0)� = H� and, therefore,ρ1 = ρ2 . �
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